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Fig. 3. An unfolding with four overlapping pairs of faces and corresponding paths in
the folding tree.

all paths in P, i.e., S contains an edge of every P;:

X
S:= argmin c(e):
S'CPIU.UPR g
Vi=1,...,n: S'NP, #0
The minimum set cover problem is NP-hard, but fortunately there are some
approximation algorithms that are sufficiently efficient in practice. We imple-
mented the greedy set cover algorithm from [19, p. 16] given in Algorithm 1.
If all costs c(e) are equal to some constant

, a minimum set cover gives the
minimum number of cuts.

Algorithm 1 Greedy set cover algorithm.

S := ; f set of new cut edgeg

C = ; f set of already covered pathgy
while C 6 P do

f Determine the edge with minimum average cost at which it covers new elements.g

. c(e9

e:= argmin - - -
e’2P?[ [ Pn Jf P2 PJeUZ Pgan

S:= S|[f eg

C:=

C[f P2Pje2Pg
end while
return S

In Section 2.1, we defined weights indicating a cutting priority. We use these
weights also to define the cost function c(€) whose meaning is opposite. Hence,
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we set
ce):=>1- )-(1-w(e)+ ;

where € [0;1] controls the importance of the weights w(e) compared to the
number of additional cuts.

2.3 Packing on Paper Sheets

After unfolding and removing remaining overlaps, there might still be some parts
that are too large to fit on a paper sheet. To determine the size of each part,
the minimum area bounding box—which is not necessarily axis aligned—of each
part is computed with the rotating calipers algorithm [18]. Each bounding box
that is too large, is iteratively subdivided along its X- or y-axis until it fits on a
paper sheet. In each step, the axis that does not fit is selected. Then the path in
the dual graph between two faces with extremal vertex positions, with respect
to this axis, is computed. The edge in this path intersecting the centerline of the
bounding box perpendicular to the axis determines where a new cut is introduced
(cf. Fig. 4).

Fig. 4. Subdividing a part that is too large to t on a sheet of paper.

To pack all parts on paper sheets, we only consider the bounding boxes of
the parts and not the parts themselves. The problem of packing the parts onto
as few paper sheets as possible is a so called 2D bin packing problem. Even if
the parts have a simple geometry—in our case we have rectangular bounding
boxes—this problem is known to be NP-hard. Although exact algorithms for
solving small bin packing problems in a reasonable amount of time exist [10],
we apply the approximative 2D bin packing algorithm used in [8] for packing
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(Vi; Xi) for each clause C; = X; V Y;:

E:={(Xiy:) X Vy; =¢ci;i=1:::5n}
U{(Vir X)) [ X VY =G i =15 iy}

The two edges (X7,Y:) and (V3;X;) represent the equivalent implications X; — Y;
and Y; — X;, respectively.

It can be easily proven that F is satisfiable if and only if for each variable x
in F the vertices X and X are in different strongly connected components of Gpg.
In our algorithm, the tab assignment formula is represented by the transitive
hull of the implication graph since this does not change the formula because
implications are transitive. Each time a new clause is added, the corresponding
two edges are inserted and the transitivity of the graph is reestablished. With
this method the satisfiability of the formula can easily be checked. The formula
is satisfiable if and only if there is no edge from a literal to the negated literal
in the transitive hull of the implication graph.

By processing the strongly connected components of the implication graph
in reverse topological order and assigning truth values, a fulfilling assignment
can be computed in linear time. As there are several assignments fulfilling the
formula, in general, we can add additional constraints to reduce crafting time.
For example, it is better if all glue tabs along adjacent cut edges are on the
same side. This can be expressed by adding equivalence clauses X; <+ X; to the
tab arrangement formula. However, by adding equivalence clauses for all cuts,
the formula often becomes unsatisfiable. As a consequence, we use a MAX-2-
SAT algorithm [17] to guarantee that all original clauses and as many added
equivalence clauses as possible are fulfilled.

This gives a valid assignment with tabs of a user defined minimum size. In a
further and last step of our glue tab arrangement algorithm, we iteratively grow
all tabs until they reach the maximum specified size, or touch another tab or face
in the original or in the unfolded mesh (cf. Fig. 7). In each iteration, the area of

Fig. 7. Post-optimization of the size of the glue tabs.
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the tab with maximum possible base angles without overlaps is compared to the
area with maximum possible width. The greater area determines whether the
tab grows its base angles or its width in the current iteration. The tab is allowed
to grow only up to a certain percentage—the growth factor—of its maximum
possible size since it would otherwise prevent neighboring tabs from growing. In
the final iterations the growth factor should be incrementally increased to 100 %
in order to close remaining gaps between tabs and faces.

3 Results

We tested our algorithm on several models. The cut-out sheets for the following
models were computed within a few seconds. This is very short compared to the
time it takes to craft the model. If a cutting machine was used, crafting time
could be halved.

Figure 8 shows a 3D version of our former university logo, which only consists
of 20 faces. The resulting cut-out sheet (in Fig. 8b) is written to a PDF file. The
numbers on the glue tabs correspond to the same numbers printed on the back
near the edge inside the corresponding face. Note that, although the model is
not convex, a non-overlapping unfolding is produced. After cutting, bending,
and gluing the model together, we obtain the paper model shown in Fig. 8c.

() (b) (c)

Fig. 8. The logo of the Universiat Karlsruhe in 3D.

Another textured model with 62 polygons is the space ship in Fig. 9a. The
time taken to craft the model in Fig. 9b, which includes the time to cut-out,
bend, and glue the model together, is dependent on the experience and skills of
the user. It took us about two hours to craft this model.

A more complex model is the model of the Stanford bunny in Fig. 10. The
original Stanford bunny was simplified to 348 polygons by successively applying
an edge collapse and a region growing algorithm. The paper model in Fig. 10b
was crafted in about 12 hours.

We also collaborated with architects and civil engineers to apply our method
to models of buildings. Figure 11 shows a model of our university library building.
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Several large polygons of the library model had to be subdivided to fit into A4
paper sheets. Although the model has nearly the same number of polygons as
the Stanford bunny model, the crafting time (25 hours) is roughly doubled. This
is due to the fact that the library model is much larger than the bunny model.
Another building, namely Karlsruhe Palace, is shown in Fig. 12. We simplified
the original model of the palace, which we got from the City of Karlsruhe, to
254 polygons and created the paper model in Fig. 12b.

(a) Rendered model, courtesy of Matthi- (b) Paper model.
as Baas.

Fig. 11. The new building of the KIT Library South (347 polygons, 25 h crafting time).

(a) Rendered model, courtesy of Thomas (b) Paper model.
Hauenstein (real estate o ce of the City
of Karlsruhe).

Fig. 12. Karlsruhe Palace (254 polygons, 12 h crafting time).
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4 Conclusion and Future Work

We presented an algorithm that automatically creates optimized cut-out sheets
for paper models from polygonal meshes. Our method can be divided into four
basic steps, where the last step is done in parallel with the first three steps:
computing an initial unfolding, removing remaining overlaps, fitting and pack-
ing the parts onto paper sheets, and computing glue tabs. Due to the complex
nature of the combinatorial optimization problem, only a few parts of the entire
optimization problem were solved optimally. For the rest, we used heuristic ap-
proximation algorithms which may not yield a globally optimal result because
the result of each step will influence all possible results in the next step.

For the future, one could improve our heuristics by evaluating the properties
of the results statistically. One could also extend our method to include calcu-
lation of the ideal assembling order and sequential numbering of the glue tabs
as the assembling order of the paper model has a great impact on the crafting
time. An unsuitable order would make it more difficult to assemble the model.
In addition, as our method is only applicable for coarse polygon meshes with
relatively few vertices, we are currently exploring mesh simplification methods
that remove geometric details that cannot be crafted. The details can be ren-
dered into textures and projected onto the coarse mesh. These methods should
also conserve possible symmetry properties of the object and remove inner parts
and self-penetrations.
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