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1 Geometric fundamentals

1.1 Affine spaces — 1.2 Affine combinations — 1.3 Affine maps — 1.4 Para-
metric curves and surfaces — 1.5 Problems

The world can be seen as a space of points while vectors describe the direc-
tions and lengths of line segments between pairs of points. The interpretation
of the world as a point space, and not as a vector space, has the advantage
that any point can serve as the origin. This fact is also reflected by the
symmetry of barycentric coordinates.

Since this book relies heavily on the concept of point or affine spaces, this
chapter provides a brief recapitulation of their fundamental properties that
are used throughout the book.

1.1 Affine spaces

An affine space A is a point space with an underlying vector space V. Here
we consider only finite-dimensional spaces over R, which implies that points
as well as vectors can be represented by the elements of some R". Thus, any
x € R™ represents a point or a vector, depending on the context. Moreover,
we only work with such a coordinate representation and, therefore, simply
regard A and V as some R".

Given two points p and q, the vector pointing from p to q is obtained as
their difference,

v=q—-p,
as illustrated in Figure 1.1. Note that a vector can be added to a point, but
the sum of two points is undefined.

One can distinguish between points and vectors by extended coordinates

with
_|x o point . 1
%= {e} representing a { vector if e= { 0
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1.3. Affine maps 5

Figure 1.2: Linear interpolation and ratio.

any m points of A. Then, the weighted sum
a= Z a;o; represents a point if Z ;= 1
a i Tep vector 10

If the weights sum to one, then a = > a;q; is called an affine combina-
tion. If, in addition, the weights are non-negative, then a is called a convex
combination. It lies in the convex hull of the points a;, see Problem 4.

1.3 Affine maps

Let A and B be affine spaces, U and V be the underlying vector spaces
and m and n be the corresponding dimensions, respectively. Then, a map
® : A — Bis called affine if it can be represented by an n X m matrix A and
a point a of B such that

y=o(x) =a+ Ax |

where a represents the image of the origin of A.

The linear map ¢ : U — V given by
v = ¢(u) = Au

is called the underlying linear map of ®. Using extended coordinates,
both maps have the same matrix representation, which is given by

y| |4 a||x vi |4 a||u
1| |ot 1]]|1]| 0| |ot 1]|0] "~
and more concisely written as

y = Az, v=Au .

The following two properties are immediate consequences of the matrix rep-
resentation.
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6 1. Geometric fundamentals

An affine map ® commutes with affine combinations, i.e.,
@(Z aiai) = Z q)(ai)ai .
And

an affine map is completely determined by a frame of dim A + 1
independent points py ... P, and its image qg - .. q,,-

The first property even characterizes affine maps, see Problem 5. The second
property is due to the fact that the matrix A can be written as

n+1 A - Qo Om Po Pm

1.4 Parametric curves and surfaces

An element x of R¢ whose coordinates depend on a parameter ¢ traces out a
parametric curve,
z1(t)

Usually, we visualize x(t) as a point. In particular, if the coordinate func-
tions z;(t) are polynomials of degree n or less than n, then x(¢) is called a
polynomial curve of degree n in t.

The graph of a function z(t) is a special parametric curve in R?, which is
given by

Such a planar curve is often referred to as functional curve.
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2.5. Singular parametrization 17

2.5 Singular parametrization

Consider a polynomial curve
n
b(t) =Y b;B}(t)
i=0

and its derivative
n—1

b(t)=nY_ Ab;B}(t)

i=0
where the dot indicates differentiation with respect to the parameter ¢.
If Abg = o, then b(t) is zero at t = 0. However, with the singular reparametri-

zation t = /s, one gets

d
—b(t(0)) =n- Lby .

Thus, if Abg = o and Ab; # o, then the curve b(t) has a tangent at ¢t = 0
that is directed towards bs, as illustrated in Figure 2.9.

Figure 2.9: Singular parametrization.

Remark 6: If Aby = Ab; = o0 and Aby # o, then the tangent of b(t) at
t = 0 is directed towards bs, etc.

2.6 A tetrahedral algorithm

Computing differences and the affine combinations of de Casteljau’s algo-
rithm can be combined. Namely, the rth derivative of a curve

u—a

b(u) = Y BIBI(®) , t=F— .

at any u can be computed with de Casteljau’s algorithm applied to multiples
of the differences AFb,. Since the computation of affine combinations of
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2.8. Conversion to Bézier representation

21
Remark 8: Ifa; = --- = a,, = o and a; # o, then b(t) is a linear polynomial
represented over [0, 1] by the Bézier points

bj =ap + ja; ,
as illustrated in Figure 2.12.

Figure 2.12: Equidistant Bézier points on a line.

Remark 9: Conversely, if the n 4+ 1 Bézier points b; lie equidistantly on a
line, then b(t) is a linear polynomial, which can be written as

b(t) = (1 —t)bg + tb,
This property is referred to as the linear precision of the Bézier represen-
tation.

Remark 10: As a consequence of Remark 8, the functional curve

b0 = [yl | 00 = LuBr)

has the Bézier points [i/n b;]’, as illustrated in Figure 2.13. The coefficients
abscissae.

b(t)

b; are referred to as the Bézier ordinates of b(t), and i/n as the Bézier

by
b |
; + }

0 1/3

by by
| |

| 1 >
2/3 1

o~

Figure 2.13: Bézier representation of a functional curve.
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28 3. Bézier techniques

Figure 3.1: Main theorem, illustration.

In de Casteljau’s array,

by
b! b
b, b,_i--- by =b(c)

used to compute a point b(c), the Bézier points
by =bla"iac.i.c] and b} =b[cnTich.i. b
of the curve segments over [a,c| and [c,b] are found in the upper diagonal

and bottom row, respectively.

The computation of the Bézier points over the two intervals [a, ¢] and [c, b] is
called subdivision. The corresponding construction is shown in Figure 3.2.
Again, the points

b¥ =bla"TiTkac.k. cb.i. D]
are labelled by their arguments. Note that the figure is still correct if we
interchange b and c.

On subdividing b(u) repeatedly, one can obtain the Bézier polygons of b(u)
over any number of abutting intervals [ag, a1], [a1, azs], ..., [ak—1, ak].

Together, these polygons form the composite Bézier polygon of b over
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3.5. Curve generation by subdivision 31

Figure 3.3: Subdividing a Bézier polygon three-times.

ment bgb,, when this criterion is satisfied. A bound of its deviation from the
curve is given by the following theorem:

Let 1(t) = bo(1 —t) + byt be the linear interpolant of b(t). Then,

1 .
sup [|b(t) —1(®) < ¢ sup [Ib(®)]
0<t<1 0<t<1
1
< = - b,
< gnln 1)i:()r}1“;a’§_2||A bi| .
where || - || denotes the supremum, sum, or Euclidean norm.

For a proof, we refer to [Boor 78, p. 39] and [Filip et al. ’86].

Remark 4: If b(u) has the Bézier points b; over [a, b] and the Bézier points
c; over some subinterval [c, c+ k], then the differences ||A%c;|| are bounded by
(h/(b— a))? max || A%b;||, see Problem 3. Hence, the approximation order of
a linear interpolant is quadratic. Moreover, the approximation order is only
quadratic, in general. Thus, due to Remark 3, the composite Bézier polygon
over [0, 2%, ..., 1] is, asymptotically, as good an approximation as the secant
polygon with vertices

Remark 5: Essentially, the above plotting routine only evaluates convex
combinations of the form (a+b)/2. Thus, one can accelerate the procedure if
the divisions by 2 are realized by bit shifts. Then there are roughly (n+1)/2
vector additions and 1 division per vertex of the polygon in this plotting
routine.
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44 4. Interpolation and approximation

Figure 4.1: Interpolating curve

For a proof, write the interpolation conditions in matrix notation,

C’l(ul) C’n(ul) Xﬁ pi
Ci(up) ... Cplup) xt p.,
or more concisely,
CX=P,
which represents d simultaneous linear systems for the d columns of X. The
existence of the solution follows from the linear independence of Cy,...,C,
OVer Ui, ..., Uyp. <

Remark 1: If the C; are linearly independent polynomials of degree
n — 1, then the matrix C is invertible for any n distinct values uq,..., u,.
Namely, the homogeneous system Cx = o (for a single column x) has only
the trivial solution x = o since the zero polynomial is the only polynomial of
degree n — 1 with n roots.

Remark 2: Two points can be interpolated by a line, three points by a
parabola, four points by a cubic, and so on.

4.2 Lagrange form

A fundamental and simple method to obtain a polynomial interpolant is due
to Lagrange. Given n + 1 points p; with corresponding parameter values
ui, i = 0,...,n, the interpolating polynomial curve of degree n is

p(u) =) piLi(u)
i=0

where the Lagrange polynomials L?(u),i = 0,...,n, are defined by the
interpolation conditions

n 1 k=i
Li(uk)—{o if ki
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54 4. Interpolation and approximation

Proof: Let x,y be a solution of (2). Further, let x + h be any other point
satisfying the constraints
Dix+h]=q .

This implies Dh = o. Further, let

r = Clx+hl-p
r+Ch .

Then it follows that
't =r'r+2r'Ch + h'C'Ch .
The last term is non-negative, and the second term is zero since, under as-
sumption (2),
h'C'r = h'C*[Cx — p] = ~h'D'y =0 .

t

Hence, r’r is minimal. &

Remark 11: If there are no constraints, i.e., D = O and q = o, then the
linear system (2) reduces to the so-called Gaussian normal equations

C'Cx=C'p .

Remark 12: If C is the identity matrix and if Dx = q is an underdetermined
system, then (2) consists of the correlate equations

X=p-— Dty
and the normal equations
Dp—-DD'y =q,

which one obtains by substituting the correlate equations into the constraints
Dx =q.

Remark 13: Let W be an m x m diagonal weight matrix. Then, as a
consequence of the theorem above, the weighted residual

Wr=WCx - Wp

becomes minimal under the condition Dx = q for the solution x,y of the
weighted equation
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60 5. B-spline representation

ay a1

an ay as ag

Figure 5.1: Spline functions of degree 1, 2 and 3.

5.2 B-splines

As with the Bézier representation of polynomial curves, it is desirable to write
a spline s(u) as an affine combination of some control points ¢;, namely

s(u) =) eiNf'(u)

where the N]*(u) are basis spline functions with minimal support and certain
continuity properties. Schoenberg introduced the name B-splines for these
functions [Schoenberg ’67]. Their Bézier polygons can be constructed by
Stéark’s theorem.

Figure 5.3 shows a piecewise cubic C? B-spline. Stirk’s theorem is only
needed for the Bézier ordinates, while the abscissae are given by Remark 8
in 2.8.

For higher degree this construction, albeit possible, becomes much less obvi-
ous and more complicated, see [?]. Therefore, we use a recurrence relation,
which was found independently by de Boor and Mansfield [Boor "72] in 1970
and Cox [Cox ’72] in 1971. We define B-splines from that relation and derive
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68 5. B-spline representation
5.7 B-spline properties

We summarize the basic properties of B-splines.

e The B-splines of degree n with a given knot sequence that do not vanish
over some knot interval are linearly independent over this interval.

e A dimension count shows that the B-splines N, ..., N’ with the knots
ag, - - -, Gm+n+1 form a basis for all splines of degree n with support
[@0, @m+n+1] and the same knots.

o Similarly, the B-splines N§, ..., N over the knots ao, ..., @miyn+1 Tre-
stricted to the interval [a,, an41) form a basis for all splines of degree
n restricted to the same interval.

e The B-splines of degree n form a partition of unity, i.e.,
ZNZ”(U) =1, for u€lan,tmt1) -

e A spline s|a,, ayy1] of degree n with n-fold end knots,

(ag=)ar = ... =a, and apmy1 = ... = Gmin(= Gmagns1)
has the same end points and end tangents as its control polygon.

e The end knots ap and a@,,4+n+1 have no influence on NJ' and N7,
over the interval [a,, am11].

e The B-splines are positive over the interior of their support,
N'(u) >0 for wue€ (a;,aqirnt1) -
e The B-splines have compact support,
suppN;" = [ai, @itn1] -

e The B-splines satisfy the de Boor, Mansfield, Cox recursion for-

mula
NP (w) = af 7INP T (u) + (1 - o 5N (u)
where o' ' = (u — a;)/(a;+n — a;) represents the local parameter over

the support of Ninfl.
e The derivative of a single B-spline is given by

d n n
SNYu) = ——— N ) - —— N () .
du " W Qiyn —a; " () G — (w)
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70 5. B-spline representation

ure 5.8 shows the example s(u) = Nj(u). Other examples are shown in
Figure 5.1.

Figure 5.8: Control points of the cubic B-spline N3 (u).

5.9 The complete de Boor algorithm
The Taylor expansion of a polynomial spline segment
sp(u) = ZCZN[L(’LL) ; WE [an,any1)
i=0

can be computed at any u € R following the ideas presented in 2.6 for Bézier
curves.

Let s, [ug ... uy,] be the polar form of s,, and consider the points and vectors
Crik = Sn[&‘ SLEe@i4 o Qi — U k. u],
where € denotes the direction 1 — 0, for i = r + k,...,n. It follows that
d" n!
wsn(u) = mcr,n,n—r )

and the Taylor expansion is given by
- n
Sp(u+h) = c - h" .
(01 = Y ern ()

The points and vectors c,;; can again be arranged conveniently in a tetrahe-
dral array, see Figure 5.9, where n = 2 and 4 stands for s,[c a4], ete.

This array, first considered by Sablonniere in 1978 [Sablonniere ’78], is com-
posed of (";2) subtetrahedra and contains the given control points ¢; = ¢ ;.0
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72 5. B-spline representation

versa, it suffices to compute, for example, only the left and top faces of the
tetrahedral array, see [Lee '82, Boehm ’84b].

Remark 9: If one first computes the rear face and then the bottom (or top)
face of the tetrahedral array, one needs to solve formula (2) above (or (3)) for
Cri1,4k (OF Cpj—1,). This is impossible if w = a;4n—r—k (or w = a;). Hence,
the derivatives of the polynomial s,, cannot be computed in this fashion for
U= Qpt1,---,02, (OF U=ag,...,dp_1).

5.10 Conversions between
Bézier and B-spline representations

There is also a tetrahedral algorithm to convert a B-spline representation
into a Bézier representation and vice versa [Boehm ’77, Sablonniere *78]. It
can be derived similarly as the algorithm in 5.9. Let the notations be as in
5.9 and let

Qi = Snla T aaiy1 ... Gign_r_pb 5. b

fori=r+k,...,n. Thus, the control points of the spline are given by

Ci = Yoio >

and the Bézier points of the polynomial s,, over [a, b] are given by
bj=d, jn; -

Again, the points q,,;, are conveniently arranged in a tetrahedral array, as
illustrated below in Figure 5.10 for n = 2, where a3,ab, etc. stand for

Q1205 Q1015 ete.
The left face is computed according to the rule
a — a;

Qi1 =1 =) ;1 p+ad,;p » o= —,
Qjtn—r—k — ;5

and the bottom face according to the rule

b—a
Arik+1 = (1- 7)qr+1,i,k Vi Y=
Ajpn—r—k —Qa
Conversely, one can compute the B-spline control points from the Bézier
points. First, one solves the two formulae above for q,.; _; ; and q,.;;. Second,
one applies the formulae to compute the bottom and then the left face.
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80 6. B-spline techniques

algorithm [Cohen et al. '80]. Note that the affine combinations of the Oslo-
algorithm are, in general, not convex. Further improvements are necessary
to avoid non-convex combinations.

aj aj; Ar+1 Gjint1

Figure 6.3: Choosing ax for the construction of ¢;.

6.3 Convergence under knot insertion

In this section, we generalize the ideas used in 3.3. Consider the spline s(u) =
>, €iN*(u) with some knot sequence (a;). On inserting more and more knots
such that the knot sequence becomes dense eventually, the sequence of the
corresponding control polygons converges to the spline s with the rate of
convergence being quadratic in the maximum knot distance.

More precisely, let [a, b] be some interval, let h = max{Aa;|[a;, a;+1] C [a,b]},
and let v; = (aj4+1 + -+ + ai+n)/n be the Greville abscissae.

Then one has
max [|s(y;) — ¢i|| = O(h?) ,

where the mazimum is taken over all i such that [a;4+1,ai4n] C

[a, b].

For the proof, which is due to [Schaback 93], consider a control point ¢; =

Srl@it1 - .. Qiyn], where s, is the symmetric polynomial of s restricted to the
knot interval [a,,ar4+1) containing ~;. Since
AN O sfu...u

—s,Ju...ul= - =—-s.[u ul ,

Bul " 8un "
the Taylor expansion of s, around [y; ... 7;] is of the form

i+n a
¢ = Se[vi...ylt ';1(% - ’Yi)afulsr[% v+ O(h?)
j=i

= s(w)+ 0 ,

which proves the assertion. <&
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6.4. A degree elevation algorithm 81

6.4 A degree elevation algorithm
Due to the basis properties of B-splines, we can write a spline

s(u) = Y e (u)

with some knot sequence (a;) also as a linear combination of B-splines of
degree n + 1,

s = > ;N (w)

with the knot sequence (&;) obtained from (a;) by raising the multiplicity of
each knot a; by one, as illustrated in Figure 6.4.

Figure 6.4: Knot sequences for degree elevation.

The main theorem from 5.5 and formula (2) from Section 3.11 tell us that

dj = Sr[&j+1 . dj—l—n—l—l]
1 n+1
~ A~k »
= ntl E Sr[aj+1 ...ak...aj_,_n_,_l] s
k=1

where s,.[u; ... u,] and s, [uq . .. u, 1], respectively, denote the n- and (n+1)-
variate polar forms of a polynomial segment of the spline s(u) that depends
on d;. Each point

ST[&j+1 AN d;; ce dj+n]

can be computed by the generalized de Boor algorithm given in Remark 5
from Section 5.5, where one needs to insert at most |(n — 1)/2] knots. For
a uniform cubic spline with two segments, this algorithm is first described in
[Ramshaw ’87, pp. 109f] and in [?] for five segments.

Remark 4: The number of operations for the algorithm above is of order
O(n?) per new control point €;. It is possible to organize the computations
more efficiently such that only O(n) operations are needed, see

[Prautzsch et al. ’91, 7, ?].

Remark 5: Different O(n?) algorithms are derived in [Prautzsch ’84a, Cohen
et al. ’85, Piegel & Tiller ’94].
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84 6. B-spline techniques

the fact that >0, ... Y7 (ai, —90) --- (a;, —Y0) = 0, we obtain

i1=1 ip=1

" hEmF—(m ... (m—k+1))
_ < o X (k)
oo = staoll < 3 g P ZEE D) s s

which proves the claim above. <

6.7 Interpolation

Splines are often used to solve interpolation problems. Of particular interest
is the uniqueness of a spline interpolant. Let N{',..., N’ be the B-splines of
degree n with the knots ao, ..., @m+n+1 and let py, ..., p,, be given points
with associated interpolation abscissae ug < ... < u,,. We wish to find a
spline s = Z:‘io c;N]* solving the interpolation problem

m

s(u;) = > N (u;) = p; -

=0

This means solving the following linear system

N (uo) -+ N (uo) | | ch jos
(2) : : =1
NG (um) -+ N2 (um)| |ct, pl,

which we abbreviate by NC = P. Note that this linear system consists of
several systems, one for each column of C. The matrix N is called collocation
matrix.

The Schoenberg-Whitney theorem from 1953 establishes when the in-
terpolation problem has a unique solution [Schoenberg et al. ’53].

The matrix N is invertible if and only if N has a positive diagonal,
which means that N!"(u;) # 0 for all i.

Note that if the N* are continuous, then the condition N*(u;) # 0 is equiv-
alent to the requirement u; € (a;, Giyni1)-

For a proof of the theorem, we follow [Powell '81]. Let N*(u;) = 0 for some i
and assume a;1 11 < u;. Then, it follows that

N (uj) = -+ = N(uj) =0 forall j>i,

ie.,
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6.7. Interpolation 85

Hence, standard linear algebra shows that NV is singular. Similarly, N is also
singular if u; < a;.

For the converse, let N be singular and ¢ be a non-trivial column solving the
(single) homogenous system
Nc=o .

For the moment, we assume that no n + 1 consecutive coordinates of ¢ are
zero. Then, the variation diminishing property, see Problem 4, implies that
the spline

m

Z CzNZn

i=0

has at most m zeroes in (ag, @min+1) if ag < an—1 or [ag, Gmint1) if ag =
-+« = ap—1. Thus, at least one u; lies outside the support of the corresponding
B-spline N*. If

Cpr = - :CrJrn:Ov

then one can consider the splines

r—1 m
E ;N and E c¢iN[
1=0 1=r+n+1
instead, which are zero at ug,...,u,—1 and Uyypn41,. .., Un, respectively. <&

Remark 6: A solution of the system NC = P above is not necessarily
affinely invariant. This is only guaranteed if N is regular and if the rows sum
to one, i.e., if

Ne=e , where e=[1...1]".

Namely, the row condition Ne = e implies e = N~ 'e, which means that the
c; given by C' = N~!P are affine combinations of the p,. The row condition
is satisfied if a,, < u; < @41 as illustrated in Figure 6.6.

Remark 7: The matrix N is totally positive, see [Karlin ’68, Boor "76b].
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7 Smooth curves

7.1 Contact of order r — 7.2 Arc length parametrization — 7.8 Gamma splines
— 7.4 Gamma B-splines — 7.5 Nu-splines — 7.6 The Frenet frame — 7.7 Frenet
frame continuity — 7.8 Osculants and symmetric polynomials — 7.9 Geometric
meaning of the main theorem — 7.10 Splines with arbitrary connection matrices
— 7.11 Knot insertion — 7.12 Basis splines — 7.13 Problems

There are several ways to define smoothness. Stark’s simple C” condition
establishes a very simple construction of a smooth curve continuation. More
generally, a curve is said to be GC" if it has an 7 times continuously differen-
tiable parametrization. An even more general smoothness concept is based
on the continuity of higher order geometric invariants. Piecewise polynomial
curves with this general smoothness can be nicely studied using a geometric
interpretation of symmetric polynomials.

7.1 Contact of order r

Two curves p = p(s) and q = q(¢), which are r times differentiable at
s =t =0, are said to have contact of order r or to have a general C" joint
at 0, short a GC™ joint, if q(0) # o and there exists a reparametrization s(t)
with s(0) = 0 such that p(s(t)) and q(t) have identical derivatives at 0 up to
order r. As before, we denote derivatives with respect to s and ¢t by primes
or dots, respectively.

Because of the chain and product rules, contact of order r at s =t = 0 means
that
p =

p's
/ 152

p's + p's
I:)/ g + 3p”88 + p”l‘é3

Il
Bl Jioljoljio]
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7.10. Splines with arbitrary connection matrices 103

Remark 18: Because of Remark 16, there are at most m, possibly coalesc-
ing, osculating flats 77,7}171, e ,Pf;l whose intersection contains any given
subspace of dimension n — m.

Remark 19: Moreover, it can be shown that the intersection of any osculat-
ing flat P;;~" with an m-dimensional subspace is of dimension m — r, except
for at most finitely many n, see [Prautzsch *02].

Remark 20: The geometric approach to B-splines discussed above can be

used in a more general form also for Tchebycheffian splines,
see [Pottmann 93, Mazure et al. "96].

Remark 21: The Bézier points b; of a cubic curve p(u) spanning R® are
given by the 3rd osculants

by = poo = 738 )
by = pyyy = PyNPP,
by = pg; = 7302 N 7311 and

b; = py;; = P?a

see Figure 7.9 for an illustration.

Figure 7.9: Osculating flats.

7.10 Splines
with arbitrary connection matrices

Let a; be simple knots such that a; < a;y1. Further, let s(u) be a continuous
curve that is polynomial of degree n over each knot interval [a;,a;+1] and
whose left- and right-hand side derivatives up to order n — 1 at the knots are
related by arbitrary non-singular connection matrices. Thus, the curve s has
a well-defined (n — 1)th osculating flat at each knot a;, denoted by S; or S,
but it need not be Frenet frame continuous!

Further, we assume that the polynomial segments of s span n-dimensional
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8.2. Uniform subdivision 111

N Nz‘2
-~

0 if2 i i+n+1

Figure 8.2: Scaled uniform B-spline.

Constructing the finer representation
s"(u) =) b M]'(u)
is rather simple. For n = 0, one has

> eV (u)

= 3 e(M(w) + M, (w))

s" (u)

and, therefore,
bgi = b(2)1'+1 =G .
For n = j 4+ 1 > 0, the recursion formula for uniform B-splines implies that
S = et
/Z ciN/ (u — t)NO(t)dt
R

[ 3w = o) + 2P0

=

1 o ‘
S ST )+ M )
1. o
D I (AR LA ()
and, therefore,
) 1. ,
b= (bl )

This recursive computation of the b’ is the algorithm of Lane and Riesen-
feld [Lane et al. ’80].

Given a control polygon, first double all control points and then
construct the polygons connecting the midpoints n times repeat-
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edly.

Figure 8.3 shows the corresponding construction for n = 3. Solid dots mark
given points and their doubles, empty circles midpoints and small empty
circles points constructed in the preceding step. The first m steps of this
algorithm are the same for all uniform splines of degree n, where m > n.

Remark 1: The construction for n = 2 bears Chaikin’s name [Chaikin ’74]
but has already been investigated by de Rham [Rham ’47].

Remark 2: One has

s" L (u) z/ s"(t)dt =s™ x* N =g « N™ .
u—1

Chaikin

Figure 8.3: Uniform subdivision.

8.3 Repeated subdivision

The uniform subdivision algorithm can be described in matrix notation. Let
C:[ C_1CpCy ]

and
B, =] ... b, b{b}
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8.4 The subdivision matrix

The subdivision matrix S; = D-M for piecewise linear splines can be read
off directly from Figure 8.3,

1 1 2 1
S1:§

Similarly, the subdivision matrix Ss for piecewise quadratic splines (Chaikin’s
algorithm) is obtained as

1 13

3 1
%277 13 3 1
In general, the matrix .S,, is of the form
Sn _ ap ax . Ap+1 ’
ap ap oo Qp4

where a; represents the scaled binomial coefficient

1 <n+1>
a; = — . .
2 7

Another derivation of .S, is given in Remark 5 of 8.8.

Multiplying a control polygon C' by the subdivision matrix S,, leads to the
so-called refinement equations

n n
9 = g cjaz;i—2; and by, ;= E Cja2i+1-2j ,
J J

which can be combined into one equation for the new control points,

bi = E Cj;—2j5 -
J
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This sequence is said to converge uniformly to a continuous curve c(u) if

sup || cf — c(2_ki) | — 0.
i —

Uniform convergence of the polygons Cj to c(u), implies that the piecewise
linear splines

ex(w) = 3 N} (w)

also converge uniformly to c(u) over each compact interval since ¢(u) is uni-
formly continuous over compact intervals.

Further, an important necessary and sufficient criterion for uniform conver-
gence is the following [Dyn et al. '91][Micchelli et al. '87].

The polygons Cy converge uniformly to a uniformly continuous
curve c(u) if and only if the difference polygons VCj converge
uniformly to zero.

A proof is given in 15.3, see also Problems 3 and 4.

8.7 Convergence theorems

Let Cp = [...cF...],k = 0,1,..., be arbitrary polygons, not necessarily

(]
obtained by subdivision, and assume that the second divided difference poly-

gons 28V2C}, converge uniformly to zero. Due to 8.6, this means that the
first divided difference polygons 2V} converge uniformly to a uniformly
continuous curve, say d(u). Therefore, the first difference polygons VCj
converge uniformly to zero and the polygons C} to a uniformly continuous
curve c.

This fact implies that the piecewise constant splines
di(u) = Z 2kv ek ND (2ku)
and the piecewise linear splines
cr(u) =Y i N} (2"u)

converge uniformly to d(u) and c(u), respectively. Since

ck(u):c’il—i—/ dg(t)dt ,
0

and since integration commutes with the limit of a uniformly converging
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differences Vb; by 2! and summing over all i results in the Laurent polynomial

Vb(z) = ZVb,»zi =b(z)(1-2z) .

Substituting the above equation for b(z) gives
Vb(z) = c(zHa(2)(1 - 2)

= Vc(zH)a(z) 11:;

= Vc(zQ)fé_(i_Zl .

The assumption »  ag; = > a9 11 = 1 made in 8.5 is equivalent to
a(-1)=0 and o(l)=2.
Therefore, (1 + z) is a factor of «(z), which implies that

_ a2
1+ 2

p(2)

is the characteristic polynomial of the difference scheme associated
with S.

Remark 4: The subdivision matrix D for piecewise constant splines over Z
is given in 8.3. It has the characteristic polynomial

oo(z) =(1+2) .

Remark 5: The matrix %Sn,l defined in 8.4 represents the difference scheme
underlying the subdivision algorithm for splines of degree n over Z, see 8.5.
Hence, the characteristic polynomial o, (2) of S,, is given by

On = %(1—!—2)0”_1(2)

1
= Z(l +Z)2O'n_2(21)

= 27"(1+2)"00(z) =27 (1 +2)" ",

which, again, proves the identity a; = 27"("7") in 8.4.
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8.10 Analyzing the four-point scheme

From the definition of the four-point scheme one can easily read off its char-
acteristic polynomial,
az) = —w+ 124w+ 4+(1/24+w)t —w2®
= (1+2)6(2) ,
where
B(2) = —w+wz+1/222 +1/22% + w2t — w2°
is the characteristic polynomial of the difference scheme. Thus, it follows
that
IVp5 = |l —wVpf +1/2Vpl; +wVpl,||
(1/2 4 2|w|) sup || VP! ||

IA

and, similarly,
VPSS < (1/2 + 2w]) sup VP -

Hence, for |w| < 1/4, the difference polygons V P; converge to zero and the
polygons P} to a continuous curve. Further, according to 8.7 differentiabil-
ity depends on the second differences 2¥V2P;,. Due to 8.8, the associated
subdivision scheme has the characteristic polynomial

~26(2)
142

v(2) = 2w+ 4wz + (1 — 4w)2? + dwz® — 2wzt .

Again, one can show that the differences 2¥V?2 Py, go to zero if 0 < w < 1/8.
Hence, the four-point scheme produces C! interpolants in this case.

Remark 8: One can show [Dyn et al. ’91] that the four-point scheme pro-
duces C' interpolants also if 0 < w < (v/5 —1)/8 ~ 0.15. However, the
four-point scheme does not produce C? curves in general.

Remark 9: Kobbelt’s 2k-point schemes produce C*~! interpolants,
see [Kobbelt "94].

8.11 Problems

1 The uniform B-spline N™ can be obtained by n-fold convolution of N°
with itself,
N"™ = N% .7 xNY .

2 Use the recursion formula for uniform B-splines in 8.1 to show that for
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n>0

%

> N'=1 and /Nﬁ:l
R

and that for n > 1

S+ n—;l)Ni”(u) -

i

3 Use the notation of 8.6 to show that ||ci — c¥|| and ||c’2‘;:_11 —1/2(ck +
ck.,)|| are bounded by some multiple of sup; [|cF|| - >, |as).

4 Conclude from Problem 3 that the piecewise linear curves Y c¥ N} (2%u)
converge uniformly if the differences Vc¥ converge uniformly to zero.

5 Let Sj be the matrix of the subdivision algorithm for uniform splines of
degree k, as given in 8.4 and consider the sequence of polygons

Cy=Ck_1Sk, k=1,2,3, ... ,

where Cy = [... ¢; ...] is an arbitrary control polygon. Show that the
polygons Cj, converge to a C* curve [?].

6 Consider the uniform splines s,, = > ¢;N/"(u) of degree n over Z. For
any integer r € IN, let

Sp = Z b} N (ru)

be the corresponding representations over %Z. Show that the control
points b}' can be computed by the recursion

0o _ _ 1,0 — c.
bri - = bri—i—r—l =C;

1
b = —(bilyy 4+ b))

7 Consider two subdivision matrices R and S with characteristic polyno-
mials a(z) and (1 + z)a(z)/2, respectively. Given a polygon C, let the
polygons CR* converge to a curve c(u). Show that the polygons CS*

converge to the curve d(u) = [ | c(u)du.
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9.2. Tensor product Bézier surfaces 129

This means
b(ci,d1) = bgg, b(c1,d2) =bg, , etc.

Since the Bernstein polynomials sum to one,

e their products form a partition of unity,
IS S
i J

e Thus, b(u) is an affine combination of its Bézier points and the
Bézier representation is affinely invariant.

Since the Bernstein polynomials are non-negative in [0, 1], it follows that
e b(u) is a convex combination of the b; for every u € [c,d].
Hence,
e the patch b[c,d] lies in the convex hull of its Bézier points.

Remark 4: Using the convex hull property separately for each coordinate a
bounding box is obtained for the surface patch blc, d],

b(u) € [minb;, maxb;] for u € [c,d] ,

which is illustrated in Figure 9.5.

Figure 9.5: A bounding box.
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9.3 Tensor product polar forms

Let Ap(u), ..., Apn(u) and By(v),. .., B,(v) be bases for the space of all poly-
nomials up to degree m and n, respectively. Further, let

Ajlur .. up] and  Bjvr...vp]

be the corresponding polar forms. Then, any tensor product surface

b(u,v) = Z Z bi;A;i(u)B;(v)

i
has the tensor product polar form

b[ul ...um,vl...vn} = ZZbiin[ul ...um]Bj[vl ’Un] .
iog

This polar form has the following three properties.
® bluj...Un,v1...0,] agrees with b(u,v) on its diagonal,
which means blu...u,v...v] = b(u,v).

® bluj...Un,v1...0,] is symmetric in the variables u; and symmetric
in the variables v;,

which means that
bls1...8myt1 ... tn] =Dblut ... Upm,v1 ... 0]

for any permutations (s1, ..., Sm) and (t1,...,t,) of (u,. .., uy) and (v, ..., vp),
respectively.

® bluj...Un,v1...v,] is affine in each variable.
The Bézier points of b(u,v) over some interval [a,b] X [¢,d] can easily be
obtained by the main theorem 3.2. For any fixed u, the polynomial b(v) =
b(u,v) has the Bézier points
b;(u) =blu ™ u,c?Fed i d), j=0,...,n ,
and, for each j, these polynomials b;(u) have the Bézier points

b;j =bla™ab.?. be" T ed . d] .

Thus, we have proved the following form of the main theorem
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A tensor product polynomial b(u,v) with tensor product polar
form bluy ... upm,v1 ... v,] has the Bézier points

bij :b[am._.i ab.?.b,c??? Cdjd]

over any interval [a,b] X [c,d].

Any tensor product polar form blug ... U, v; ... v,] can be computed by the
generalized de Casteljau algorithm from the points

b;(u) =bluj ... upm,c™Fed i d), j=0,...,m ,

and these from the Bézier points b;;. Since the Bézier points are unique, any
tensor product polynomial b(u,v) of degree < (m,n) has a unique tensor
product polar form bug ... Up,v1 ... 0,

9.4 Conversion to and from monomial form

The monomial form of a polynomial tensor product surface

b(u,v) = i zn: aw (’Z) (?) k!

can be written more concisely with bold vector notation as
- m
b(u) = a; uk |
=3 a ( k)

where u = (u,v),k = (k,1) and m = (m, n).

The conversion of the monomial form to the Bézier representation of b(u)
over [0,1]? is straightforward. Applying the conversion formula in 2.8 for
univariate polynomials twice gives

b(w) = 3 B () |
i=0

where

b; = Zl: (li()ak .

k=0

Similarly, by applying the conversion formula in 2.9 twice, we obtain the
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converse relation

Remark 5: If b(u) is a bilinear polynomial, i.e., a biaffine map, then ay = 0
for all k £ (1,1). Hence, b(u) has the Bézier points

b;; = ag +iag + jagr +ijan
= b(i/m,j/n) .

This property is referred to as the bilinear precision of the Bézier repre-
sentation.

Figure 9.6: Uniform Bézier net on a bilinear interpolant.

9.5 The de Casteljau algorithm

A bivariate polynomial surface in Bézier representation,

b(u) = > biB(s) |

can be evaluated at any s = (s,t) by (m + 2) or (n + 2) applications of de
Casteljau’s algorithm for curves. This leads to the following surface algorithm

Use de Casteljau’s curve algorithm to compute

1. the points b; = > 7_ by BY (t) and
2. the surface point b(u) =Y " 'b;B"(s) .
Remark 6: For example, consider the polynomial b(s,t) = ZbijBf’jQ(s,t)

whose Bézier matrix [b;;] appears in the upper left corner of Figure 9.7. This
Figure illustrates the algorithm above by showing the 8 = 4 - 2 de Casteljau
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9.8 Piecewise bicubic C! interpolation

Interpolation schemes for curves can be extended in a straightforward manner
to tensor product schemes. We describe the principle for the example of the
cubic interpolation scheme discussed in 4.5.

Given (m+1) x (n+1) interpolation points p,; with corresponding parameter

values (u;,v;), for ¢ = 0,...,m and j = 0,...,n, we construct a piecewise
bicubic C* surface s(u,v) such that s(u;,v;) = p,;. More exactly, we con-
struct for all (¢, j) the Bézier points bs; 35, . .., b3 y3,3j+3 defining the bicubic

segment of s over the interval [u;, 1] X [vj,vj41].

Let P = [p;;] be the (m + 1) x (n + 1) matrix formed by the interpolation
points. Note that the entries are coordinate columns rather than scalars, in
general. Further, let S and T be the (m+1) x (3m+1) and (n+1) x (3n+1)
matrices of two linear interpolation schemes over the abscissae ug, ..., Umn
and vy, . .., v,, respectively, as described in 4.5, Remark 9.

Then, the tensor product interpolation scheme based on .S and T is as follows.

1 Interpolate every column of P by computing A = S'P.
2 Interpolate every row of A by computing B = AT.

The desired Bézier points are the entries of B = [b;;] = S'PT. See Fig-
ure 9.12 for an illustration.

Poo

A 3n

Figure 9.12: Tensor product interpolation scheme.

Row and column interpolation are interchangeable. Namely, row interpola-
tion gives C* = PT and subsequent column interpolation B = S*C = StPT.


prau
Hervorheben


9.11. Bicubic C* splines of arbitrary topology 139

describe how to build such spline surfaces, which can be used to interpolate
the vertices of arbitrary quadrilateral nets.

Any piecewise bicubic surface with simple C! joints is completely determined
by the inner Bézier points of each patch. These are marked by o in Fig-
ure 9.16. The boundary Bézier points marked by OJ and e, respectively, can
be computed as the midpoints of two adjacent Bézier points, respectively.

The inner Bézier points next to a vertex surrounded by three or more than
four patches must coincide in order to obtain C'! joints along all patch bound-
ary curves emanating from this so-called extraordinary vertex. Moreover,
the patches around an extraordinary vertex have a common tangent plane
at this vertex only if the interior Bézier points connected by dashed lines in
Figure 9.16 are all coplanar and if they satisfy the conditions given in 9.10.

Figure 9.16: A bicubic C! spline.

Remark 12: The coplanarity condition above can, in general, only be sat-
isfied if each patch has at most one extraordinary vertex. This assumption
is always satisfied if one subdivides each patch into four subpatches.

Remark 13: The inner Bézier points o determine the spline surface com-
pletely. However, they must meet certain restrictions for the spline to be a
C! surface. Therefore, Reif calls these points quasi control points.

Remark 14: Reif has also developed a projection mapping arbitrary control
nets onto quasi control nets satisfying the conditions above, see Problem 6.
A more general method is presented in 14.6.
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This property is referred to as the linear precision of the Bézier represen-
tation.

Remark 2: As a consequence of the linear precision, a functional surface

(x)

has the Bézier points [a} )", where na; = [ag...a4)t, as illustrated in Fig-
ure 10.5. The b; are called Bézier ordinates and the corresponding points
a; the Bézier abscissae of b(x).

b(x)—[b ] . where b(x) =Y B,

Figure 10.5: A quadratic function with its Bézier polyhedron.

10.4 The de Casteljau algorithm

A Bézier simplex b = > b;B{* can be evaluated by a generalization of de
Casteljau’s algorithm. Using the recurrence relation of the Bernstein poly-
nomials repeatedly as in the case of curves, we first obtain

b(x) = > bB(v)

|t|=n

= ) BB

|f|=n—1

and after n — 2 further steps
b(X) = Z bﬁBﬁO([U) = booo s
li|=0

where
bﬁ - [bﬁ+e[) coo bﬁ+ed}ﬂl .
An example is illustrated in Figure 10.6.

The intermediate points by, |i] = n,...,0, of the de Casteljau algorithm in
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Its derivative with respect to t at ¢t = 0 is given by

Dyb(p) = b (x(t)

t=0

0 0
= aniuob‘i""—‘rvdaiu(ib

_ n—1
=n E cJ]Bﬁ ,
i

where
c; = 'UObjj-',-eo + -+ Udbj+ed s

which we abbreviate by c¢; = A bj as illustrated in Figure 10.7.

Figure 10.7: The differences c;.

Similarly, one can compute higher derivatives. An rth directional derivative
Dy, ... Dy, b has the Bézier coefficients AV' ... AV~b;, where |f| = n — 1.
The difference operator AV commutes with the steps of the de Casteljau
algorithm since the computation of affine combinations of affine combinations
is commutative, see 2.6.

Hence, we can compute an rth derivative also by first computing n — r steps
of the de Casteljau algorithm and then r differencing steps. In particular, it
follows that the points b1g.. g, ..., bo...0o1 computed in the next to last step of
the de Casteljau algorithm span the tangent plane of b at x.

Remark 3: If d = 2, we can view the Bézier net of a polynomial b(x) =
> bsBf*(u) as a piecewise linear function p(x) over agajas. Then,

the directional derivative Dyp(x) of the Bézier net contains the
Bézier points of Dyb(x).

This fact is illustrated in Figure 10.8 for a functional surface.
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Figure 10.8: A Bézier net with its derivative.

10.6 Convexity

In the following we restrict ourselves to bivariate functions. Hence, we set
d =2 and u = [u, v, wl".

Figure 10.9: Convexity of a Bézier net.

Given the Bézier representation of a polynomial over some triangle aga;as,
there is a piecewise linear polynomial p(x) that interpolates the Bézier ordi-
nates b at the corresponding abscissae At/n. We call it the Bézier polyhe-
dron of b(x) over A and show that

a polynomial b(x) is convex if its Bézier polyhedron p(x) is conver.

The converse does not hold in general, see 3.13 Problem 11.

For a proof, let

Vop=az —a; , Vi=Qq —az, Vz2=a—Qq
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10.7 Limitations of the convexity property

Functional polynomials with a convex Bézier polyhedron are convex, as we
have seen. The converse, however, is not true in general. Consider the
quadratic polynomial

b= 33200 - BlOl + 3B002 )

which is shown with its Bézier polyhedron in Figure 10.11.

Figure 10.11: A convex polynomial patch with non-convex Bézier net.

Obviously, the Bézier polyhedron is not convex, but b is convex. Namely,
the second partial derivatives are byg = b;; = 6 and bg; = 2. Thus, for any
v = avg + v # o it follows that

DyDyb = a?byg + 2a8bo1 + 3%b11
40 + ) +2(a+6)2 >0,

which means that b is even strictly convex.

The Bézier polyhedra of all higher degree representations of b are also not
convex since for any mth degree representation of the constant polynomial
bo1 = 2 all Bézier ordinates equal 2. This result is striking since the nth
degree Bézier polyhedra of b converge to b if n goes to infinity, see 11.9.
Thus, we have a sequence of non-convex functions with a strictly convex
limit.

Another negative result is due to Grandine [Grandine ’89]. Consider a non-
convex quadrilateral abdc, as the ones illustrated in Figure 10.12, and let b
and ¢ be polynomials with C' contact along the line ad. Then, if b and ¢
have convex Bézier nets over adc and abd, respectively, they must be linear
over ad.

Because of the C! contact, we have b14 = c14(= Dy, Dy,c) along ad. Since
there are positive constants a and § such that vi = avy + Gvy, the convexity
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Remark 2: The barycentric coordinate vector u and the affine coordinate
vector x are related by two transformations, given by

x =x(u) = [agaraz]u and u=u(x)=p+ [viva]x ,

where p; vy, vy represents the affine coordinate system in barycentric coor-
dinates. Since these transformations are affine, one can transform a polar
form a[xy... x,|, given by affine coordinates, to the corresponding po-
lar form bfu;...u,] = aJAu;...Au,] and vice versa, i.e., a[x;...x,] =

blu(x1). .. u(xn)]-

11.2 The main theorem

The uniqueness of the symmetric polynomials and their relationship to the
Bézier representation is given by the following extension of the main theo-
rem.

For every polynomial surface b(x) of degree < n, there exists only
one symmetric n-variate multiaffine polynomial bxy ... x,] with
diagonal bx ... x] = b(x), and the points

bl =blp.".pq.7.qr .k 1]

are the Bézier points of b(x) over pqr.

Proof: Consider the points

bé:b[p.?.pq.?.qr.’?.rxl.?.xl], i+j+k+l=n.

Since by = b[x; ... X,] is symmetric and multiaffine, it can be computed
from the points by by the recursion formula

(1) bi = by, +ub,, +wibi,,
where wu;, vy, w; are the barycentric coordinates of x; with respect to pq,
see Figure 11.1, where the points b[x;xox3] are labelled by their arguments
X1Xox3. Thus, different symmetric multiaffine maps must differ at some
argument [p.*.pq.Z.qr.k. 1]

If all x; equal x, then the recursion formula above reduces to de Casteljau’s
algorithm for the computation of b(x). Consequently, since the Bézier rep-
resentation is unique, the points b? are the Bézier points of b(x) over pqr
and, furthermore, there can be only one symmetric n-affine polynomial with
the diagonal b(x). <
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Figure 11.1: The generalized de Casteljau algorithm.

11.3 Subdivision and reparametrization

Recursion formula (1), which is illustrated in Figure 11.1, reveals another
important property of de Casteljau’s algorithm. The computation of b(x)
generates also the Bézier points

blp.i.pq.l.qx.%. x|, blp.?.px.l.xr .k 1],
and
blx.?.xq.l.qr .k 1]

of b over pgx, pxr, and xqr, respectively. Figure 11.2 shows an example for
n=3.

The Bézier nets of b(x) over pgx, pxr, and xqr form one connected net. It
is folded if x lies outside pqr. The computation of this composed net will be
referred to as the subdivision of the Bézier net over pqr in x.

One can compute the Bézier net of a polynomial surface b over a second tri-
angle xyz by repeated subdivision from the net over pqr, see [Prautzsch '84a,
Boehm et al. '84]. First one subdivides the net over pqr in x, then one sub-
divides the net over xqr in y, and, finally, one subdivides the net over xyr
in z, see Figure 11.3.

A permutation of pqr and xyz results in a different construction. If pos-
sible, one should subdivide at interior points in order to avoid non-convex
combinations.
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Figure 11.2: Subdividing a Bézier net.

r r r

Figure 11.3: Reparametrization by repeated subdivision.

Figure 11.4 shows a situation, where it is impossible to avoid non-convex

combinations with the above construction, no matter how one permutes pqr

and xyz.

n+2\ __
5)

Remark 3: The construction above requires one to compute 3 - (
O(n?) affine combinations.

Remark 4: Every single Bézier point b[x .?. xy .7. yz .¥. z] of b over
xyz can also be computed by the generalized de Casteljau algorithm, see
Figure 11.1. The affine combinations computed by this algorithm are convex
if x,y and z all lie in the triangle pqr.

”;2) applications of

the %eneralized de Casteljau algorithm, one needs to compute (7”;’2) . ("'3"3) =
O(n®) affine combinations.

Remark 5: To compute the Bézier net over xyz by (
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Figure 11.4: Special reference triangles.

11.4 Convergence under subdivision

The Bézier net of b(x) over a triangle pgr is a good approximation of the
patch b if the triangle is sufficiently small. To make this statement precise, let
par be any triangle in some fixed bounded region and let h be its diameter.
Furthermore, let

J

. i k
i=p-+q +r-
n n n

represent the point with barycentric coordinates §/n. Then,
there is a constant M not depending on pq such that

masx [b(i) — byl < Mh? .

For a proof, let D be the differential of b[xi...i = --- = b[i... ix] at
x = i. Expanding the symmetric polynomial b[x; ... X,] around [i ... i], we
obtain

by = bli...i+iD[p—i]+jD[q—i] +kD[r —i] + O(h?)

= bi)+0(r?) ,

which concludes the proof. <

An application of this approximation property is discussed in the following
section.

11.5 Surface generation

As a consequence of section 11.4, repeated subdivision of a Bézier net pro-
duces arbitrarily good approximations of the underlying surface. We discuss
three subdivision strategies.

(1) Subdividing triangles at their centers, as illustrated in Figure 11.5, leaves
the maximum diameter of the reference triangles unchanged. Hence, the
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11.7. Simple C" joints 163

The derivatives of b and ¢ up to order r agree over qr if and only
if for all 1 =0,...,n —1r the two polynomials

blx .7. xq .}. qr *7'7i r] and c[x .7. xq .}. qr *7T7! r] are
equal.

b3z = €30

Figure 11.8: Sabin’s simple C* joint.

bogs = Coos

Y a
Figure 11.9: Farin’s simple C? joint.

Remark 6: The shaded quadrilaterals in Figure 11.8 and 11.9 are different
affine images of the quadrilateral pqrs. Consequently, any m triangular
patches bi(x)7 i = 1,...,m, enclosing a common vertex have simple C'
joints at this vertex if and only if their parameter triangles form an m-gon
that is an affine image of the m-gon formed by the respective corner triangles
of the associated Bézier nets.

Remark 7: Since two polynomials are equal if and only if their polar forms
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are equal, b(x) and c(x) have identical derivatives up to order r over the line
qr if and only if their polar forms satisfy the equation

bx;...x,q.l.qr.*.r]=c[x; ... x, q. 7. qr 5. 1]

for arbitrary variables xi,...,x, and for all j and k with r + j + k = n.
This condition is used in [Lai '91] to characterize multivariate C" splines
over arbitrary triangulations.

11.8 Degree elevation

A polynomial surface of degree n also has a Bézier representation of any
degree m higher than n. As in the case of curves, a conversion to a higher
degree representation is called degree elevation.

Given an nth degree Bézier representation,
b(x)=> bB'(u) , x=[pqrfu,

of some polynomial surface b(u) over a triangle pqr, we show how to obtain
its Bézier representation of degree n + 1. In analogy to the derivation for

curves in 3.11, we use the symmetric polynomial b[x; ... x,] of b(x). The
polynomial
1 « .
C[XO Xn} = n+1;b[X0 e Xy Xn]

is multiaffine, symmetric and agrees with b(x) on its diagonal. Hence, due
to the main theorem in 11.2, it follows that the points

b; =c[p 7. pq 4. qr J2. 1]

are the Bézier points of b(x) over pqr in its representation for degree n + 1.
Consequently,

Jo i ; ;
b; = n_'_lb[p]?..lpqﬂ.l.qrﬂ?. r]
J1 ; — ;
b(p J°. nTiqrlar
+ bl paiitiq ]
+ B2 b[p /0. pq Jt. qr 27t 1] .
n+1

Figure 11.10 illustrates the associated construction for n = 2.
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be written as
n kl k1721+1 kg kg*igﬁ*l k3 k3723+1
F/)\m  m—i+1/\m—ig m—i1—ia+1 )\ m—i;—is m—n+1 /)’

from which we conclude that

6"[k< n ﬁ_’_ n i1 @—’_ n 12 @—’_ n i3
=\ m m-n m m-n m m-n
s (M) (B n\" (k2 _n\" (ks n\"
= \3 m m m m m m

Thus, we find

and

B = By (k/m) + O(1/m)
and, therefore,

dy =) bB'(k/m) + O(1/m) .

Consequently, the mth degree Bézier nets of b(x) converge to b(x) linearly
in 1/m, see [Farin ’79, Trump et al. "96].

11.10 Conversion to tensor product
Bézier representation

Let b(x) be a bivariate polynomial with polar form b[x;...x,], and let
Xgt = X(s,t) be any biaffine map that maps the unit square [0,1]? onto a
convex quadrilateral, see Figure 11.11. Then the reparametrized polynomial

C(S, t) - b(X(S, t))

is a tensor product polynomial of degree (n,n) in (s,t). Its tensor product
polar form is given by

1
cls1...Sn,t1...ty) = i Zb[x(sl,ﬁ) o X(Sny Th)]

where the sum extends over all permutations (71,...,7,) of (¢1,...,t,). To
verify this, one checks that c satisfies the three characterizing properties: the
diagonal, symmetry and affinity property.

Knowing the tensor product polar form, we can apply the main theorem 9.3
to obtain the Bézier points of ¢(s,t) over [0,1]2. These are the points

ciy=cl0m7i01.%.1,077701.4.1] ,
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12 Interpolation

12.1 Hermite interpolation — 12.2 The Clough-Tocher interpolant — 12.3 The
Powell-Sabin interpolant — 12.4 Surfaces of arbitrary topology — 12.5 Singular
parametrization — 12.6 Quintic C splines of arbitrary topology — 12.7 Problems

Given the values and derivatives of a bivariate function, it is quite easy to
construct smooth piecewise polynomial interpolants using their Bézier repre-
sentation. However, there is no straightforward extension to arbitrary para-
metric surfaces as, for example, spheres. General C" joints or singular para-
metrizations are necessary to build such interpolants.

12.1 Triangular Hermite interpolation

Given a triangulation 7 of some polygonal domain in R?, one can construct
a piecewise polynomial surface of degree 4r + 1 that interpolates any given
derivatives up to order 2r at the vertices of 7 and is r-times differentiable.
The Bézier representation is a very handy tool to describe this construction.

Figure 12.1 shows one triangle of a triangulation and the Bézier abscissae,
see 10.3, of the interpolant over that triangle for r = 2.

There are three kinds of Bézier abscissae. The Bézier ordinates at the abscis-
sae e are defined by the prescribed derivatives, the Bézier ordinate at o can
be chosen arbitrarily, and the Bézier ordinates at the abscissae ®,9,¢ depend
on the corresponding ordinates over the adjacent triangles according to the
C"-conditions. One can choose the ordinates at ®,@,0 in one triangle arbi-
trarily. Then, the corresponding Bézier ordinates in the adjacent triangles
are determined by the C"-conditions.
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boorn = b1,0,n—1 = bo,1,n—1

and
b1 1n—2 = abzon-2+ Bbo2n-2 +7boon

with a, 8 > 0, a+ B+~ = 1 and independent points bggy, b2,0.n—2, bo,2,n—2.

The derivatives of b(u,v) vanish at u = (u,v) = (0,0). However, there exists
a reparametrization u(x) such that c(x) = b(u(x)) is regular at x = u=!(o).

After a suitable affine transformation, we obtain

2 L 2 0
boon =0, bogno=——=|0] , bo2p2=—F—+
n(n —1) 0 n(n —1) 0
Hence, the Taylor expansion of b(u) at u = (0,0) is of the form
b(u) = {X u) +d(u) ,
where 5
u® + 2ouv
_ =0 2
=T | = o)
and ||d(u)]| = O(||u|®). Obviously, z and y are strictly monotone in u

and v for u,v > 0. Hence, x(u) is one-to-one for u,v > 0. Furthermore,
x(u) is regular for u # 0. Consequently, c(x) = d(u(x)) is continuously
differentiable if c(x) has continuous partial derivatives. These partials are
given by

-1
Ty T 1 Yo —
C;C = dud’u “ v B dud'u v v )
D e L | I

which shows that

ezl = O([lull) = OV IIx[) -
The same argument can be made for d,. Hence, c(x) and, therefore, b(u(x))
are continuously differentiable.

Remark 2: Even if o, < 0 and 4a > 1, one can show that b(u) has a
continuous tangent plane [Reif "95a].

12.6 Quintic C! splines of arbitrary topology

Singular parametrizations can be used to construct arbitrary C! surfaces
composed of triangular patches with prescribed positions and tangent planes
at their vertices. The following description of one such surface construction
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One says that p and q have a general C! or geometric C'- or, in short,
G! joint in 2 = 0 if they have equal normals along this parameter line, i.e.,
if
X X
Pz X Py = 9o * 9y for z=0.
[p. X Pyl lla, x q,

Equivalently, one can characterize G'-continuity by requiring that there are
connection functions A(y), x(y) and v(y) such that for x = 0 and all y

(1) Ap, = pq, +vq, and Au>0,

except for isolated zeros.

In particular, if p and q have a G joint and are polynomials,
then the connection functions are also polynomials, and, up to a
common factor, we have

degree A < degree q,(0,y) + degree q,(0,y) ,
degree p < degree p,(0,y) + degree q,(0,y) ,
degree v < degree p,(0,y) + degree q,(0,y)

For a proof, we compute the vector product of equation (1) with q,, and q,,.
This gives

Ap, X4q, = vq,%xq, , and
AP, X q, = pd, Xd, .

Recall that q is regular. Hence, at least one coordinate, say the first of
[a, % q,], denoted by [q, x q,]i, is non-zero. Since equation (1) can be
multiplied by a factor, we may assume that

A= [qz qu]l .

This implies
p=I[p, xq,i and v=-[p,xq,,
which proves the assertion. <
Remark 1: Often, one sets A = 1. Then p and v are rational, in general.

Remark 2: The proof given above also holds for rational polynomials p and
q. Then, the functions A, 4 and v are rational up to a common factor with
the same degree estimates as above.

Remark 3: Any G! joint is a simple C! joint after a suitable parame-
ter transformation. Namely, if p and q satisfy the G'-condition (1), then
a(r,y) = p(A\z,y) and b(x,y) = q(ur,ve + y) have a simple C! joint, see
9.7 and 11.7.
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Remark 4: Whether two patches have a G' joint does not depend on their
parametrization. However, the connection functions do depend on the para-
metrization. The maximum degree of the connection function is invariant
under affine reparametrization.

13.2 Joining two triangular cubic patches

Consider two triangular cubic patches

p(v) =Y pBi(u) and q) =) @B (),

where 0 < & = (i,4,k) and |} =i+ j+k = 3 and p; = q; for i = 0 such
that p and q join continuously at v = 0 and have common tangent planes
at e; = (0,1,0) and e2 = (0,0,1). This configuration is illustrated in Figure
13.2. The shaded quadrilaterals are planar but not necessarily affine.

Q300

Poos = Yoo

Paoo

Figure 13.2: Moving interior Bézier points so as to achieve a G joint.

In general, we can move both interior points p11; and q;1; so that
p and q join G'-continuously along u = 0.

In particular, we show how to obtain such a smooth joint with linear con-
nection functions A(v) , u(v) and v(v). Then, the G'-condition for p and q
along u = 0 becomes a cubic equation in w = 1 — v. Denoting the partial
derivatives with respect to the directions eg — &3 and &3 — €; by subindices 0
and 1, respectively, this cubic equation is

AP = pdg —vq; , Ap>0.
At v = 0, we know the derivatives py,q, and q;. Hence, this equation

establishes a linear system for Ao = A(0), po = p(0) and vy = v(0), with a
one parameter family of solutions. Similarly, there is a one parameter family
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182 13. Constructing smooth surfaces

of solutions A1, 1 and v; at v = 1. We choose arbitrary solutions at v = 0
and v = 1, which determine the linear functions A, u and v. Since a cubic
is determined by its values and derivatives at two points, here v = 0 and
v = 1, we are also interested in the derivative and, therefore, differentiate the
G'-condition along u = 0. Thus, we obtain

APo1 — fidg1 = vdy; +V'd; — N'po + /g -

Expressing pg; , dg; etc. in terms of the Bézier points, we obtain at e; the
equations

Poi = 6(Pgos + P111 — Poi2 — Pio2) >

do1 = 6(dger + 9111 — do12 — A120)
etc.

and similar expressions for py;,dg;, etc. at e2. The points q;1,q9;,q, and
Py do not depend on p;;; and q;;; for v =0 and v = 1. Substituting these
expressions into the differentiated G''-condition leads to a linear system for

Pi11 and qqq; given by

Ao A

= [wowq]| ,
—Ho ul} [wowi]

P |

where wo and w; are combinations of known Bézier points p; and q;, except
P11 and q;1;. This system has a solution if the matrix

Ao A1
—po  —pa
is invertible. Hence, a solution exists, unless A(y) : pu(y) = constant. Only

for the configuration illustrated in Figure 13.3, a solution might not exist. ¢

o 9201

Psoo = %o
/.y o!

Pox Poso = Yo30

Figure 13.3: Critical configuration.
In fact, there is no solution if A(y) : u(y) is constant, if both quadrilaterals

are not affine and if the common boundary p(0,y) = q(0,y) is a regular
cubic, i.e., if q,(0,y) is a quadratic not passing through the origin.
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13.3. A triangular G' interpolant 183

Namely, rewriting the G'-condition as

Po _V

results in a quadratic on the left. Since q, is also quadratic without real
root, it follows that v/A must be constant. This, finally, contradicts the
assumption that the two quadrilaterals shown in Figure 13.3 are not affine.

If q(0,y) is quadratic or non-regular, a solution exists with linear functions
A, 1 and v, see Problem 3.

13.3 A triangular G! interpolant

In 1985, Bruce Piper [Piper ’87] presented a scheme to construct a piecewise
quartic G! surface interpolating a triangular network of cubic curves, as
illustrated in Figure 13.4. We review the basic construction, but rule out
critical situations so that cubic patches suffice.

Figure 13.4: A triangular G'-net of cubic curves.

Adjacent “triangles” of a cubic net exhibit the configurations discussed in
13.2. For simplicity, we assume that there are no critical configurations as
in Figure 13.3. Then, any “triangle” can be interpolated by a macro patch
consisting of three cubic patches, as described below. Figure 13.5 shows the
Bézier points of such a macro patch schematically.

The Bézier points o on the boundary are given by the cubic net. The Bézier
points e are the centroids of their three neighbors o with which they form a
planar quadrilateral which is shaded in the Figure.
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13.5. The parity phenomenon 185

Figure 13.6: A vertex enclosed by n patches, where n = 6.

For z = 0, these equations form the cyclic linear system

A1 —H1
[Piypﬁy] “he e . [r1...15] ,
—Hn An
where
r; = —\pl + u;p;‘jl +uptt +upitt .
We abbreviate this system by TA = R.

13.5 The parity phenomenon

The cyclic matrix A of the twist constraints exhibits the following phenom-
enon. The rank of A is n if n is odd, and it is n — 1 if n is even. Thus, A is
non-singular only for odd n. Consequently, the twist constraints are solvable
if the number n of patches is odd, while, in general, there is no solution if
the number is even. In order to verify this surprising fact, we observe that

detA = )\1-~-An7ﬂl---,un
= HAl—H/,Ll .

Computing, the vector product of
Aipl = wipytt +viplt
with pit! = pi gives

i+2 i+1

)\i M= [pm X Py H—l] ’

] : [Pl x p&

which implies that


prau
Hervorheben

prau
Hervorheben

prau
Hervorheben

prau
Hervorheben


14 GX-constructions

14.1 The general C* joint — 14.2 G* joints by cross curves — 14.3 G* joints by
the chain rule — 14.4 G* surfaces of arbitrary topology — 14.5 Smooth n-sided
patches — 14.6 Multi-sided patches in the plane — 14.7 Problems

Two patches join smoothly if they can be (re-)parametrized so that their
derivatives up to some order are identical along a common boundary curve.
For any fixed reparametrization, this smoothness condition means that the
derivatives of both patches at any common point are related by a linear
transformation. This is analogous to the curve case.

In this chapter, we discuss these smoothness conditions and use them to build
surfaces of arbitrary topological form and arbitrarily high smoothness order.

14.1 The general C* joint

Two regular patches p and q with a common boundary curve b are said to
have a general CK joint along b if they have a simple C* joint locally for
each point by on b after some regular reparametrization. This means that,
locally, there are regular reparametrizations u and v such that pou and qov
have identical derivatives up to order k along b, see Figure 14.1. It suffices
to reparametrize only one patch, for example q by v ou~!, see Figure 14.2.
A general C* joint is also referred to as a G¥ joint.

If p and q have a G* joint at some point by, we obtain a local C* parametriza-
tion r(z,y) of the union of both patches simply by a non-tangential projection
7 into some plane P, as illustrated in Figure 14.3.

The regular C*-maps ¢ = Topou and 1) = 7o qov, have a C* joint along
m(b) in a neighborhood of 7(bg). Therefore,

r(z,y) = { pouo ¢ t(x,y) if (x,y) lies in m(p)
’ qovoe wil(‘ray) if (x,y) lies in W(q)
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Figure 14.2: A general C* joint brought into a simple form.

Figure 14.3: Parametrization by projection.

be any partial derivatives of p and q of order ¢ + j = k — 1. Then, the
induction assumption implies that

p(mb(t)) = d(nb(t)) .
Differentiating this equation with respect to t, we obtain for ¢t = ¢,
p.(0) =q,(o) .
Hence, almost all k-th partial derivatives of p and q are equal and we need
to show that

k
(%k[p@ —q(0)=o0 .
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mials of certain degrees.

The G*-conditions are simpler if u is linear in z. In this case, u, ., is zero

for s =2,...,k, and the G*-conditions reduce to
p = q,
P, = q, o+ q, 0,

pCE(lj = quua2 + Qquvaﬁ + q’U’U/62 ?

k o
(1) Por, = Z (Z')qu‘?.uv.-?.'ua 53 ’

itj=k

where o = a(y) = u,(0,y) and 8 = B(y) = v.(0,y).
Note that the right hand sides also represent the partial derivatives of q with
respect to the direction [a 3]* = u,.

Remark 2: A mixed partial derivative Pyigyi, CAN be expressed in terms
of the mixed partial derivatives of q up to total order ¢ + j and the mixed
partial derivatives of u(z,y) up to order (i,j). For example,

pmy = Qo Uz Uy + qu(uxvy + uyvﬂﬁ) + QyyVzVy + q, Uzy + QyUzy -

Remark 3: In particular, if u(z,y) is a dilation in z and y, i.e.,

u(z,y) = [a1z oy,

then all mixed partial derivatives p can be expressed in terms of u,, v,

z.baxydy
and the mixed partial derivatives of q up to order (3, j).

14.4 Gk surfaces of arbitrary topology

In this section, we present a construction of smooth free-form surfaces. These
surfaces interpolate the vertices c; of a given quadrilateral net and smoothly
contact prescribed polynomial surfaces s; at these vertices.

The resulting surface is G*-continuous and consists of tensor product patches
parametrized over [0, 1]2, where each patch corresponds uniquely to a quadri-
lateral of the given net and vice versa.

For notational simplicity, we assume that the given net is orientable and
has no boundary.

We call a vertex regular, if it has exactly four neighbors and irregular
otherwise. To simplify the complex construction, we assume further that


prau
Hervorheben


196 14. GX-constructions

Figure 14.6: An edge polynomial.

are of minimal degree. Therefore, if c¢; and c; are regular, then b;; has
degree 2k + 1 and, otherwise, if c; or c; is irregular, then éd—?}bij has the
degree 3k +1—r. The Bézier points of b;; are shown schematically in Figure
14.7 for k = 2, where c; is irregular. The points determined by the CZ%*
contact at c; are marked by triangles A, the points determined by the C**
contact at ¢; by squares [ and the points determined by the minimal degree
constraints by circles o. The points marked by dots - are non-interesting.

Figure 14.7: Schematic view of the Bézier points of an edge polynomial.

Analogously, we get a second polynomial b;; for the oppositely directed edge
c;c;. Due to our construction, both polynomials have a simple C* contact
along the parameter line y = 0,

Further, due to our construction, any two polynomials b;; and b;; belonging
to a vertex c; have G**- or G?* contact at c;.

3. For each quadrilateral of the given net, we construct a patch p(u,v) of the
final G* surface from the four associated edge polynomials. For each edge
c;C;, we use a reparametrization

X5 (u,v) = Z b,.s B2k (4, v)
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Figure 15.1: Refining and averaging a net.

i+n+1. Applying the convergence result in 6.3 twice, we obtain the estimate

sup [|s((i,5)/2™) — ¢fj| = O(1/4™) ,

2,9

provided that the second derivatives of s are bounded over R

15.2 General stationary subdivision and masks

Any refinement equation
m—+1 _ ma,.
Ci - Ck Yi—2k
Kk

with a finite number of non-zero and arbitrary coefficients 7; represents a
general stationary subdivision scheme. If the ;; are products of the
form o;3;, then this scheme is a tensor product scheme, as discussed in 15.1.

The refinement equation combines four different affine combinations: The
indices k of the weights v, used to compute a point c?”'l form the set i+272,
which is either

277 e +27% ey +27° or e+27° .

The four (finite) matrices [Y_ox]; [Ye,~2k]; [Ye,—2k] and [ye—2x] are called
masks. They, too, represent the subdivision scheme.

Remark 2: A necessary condition for the convergence of a stationary subdi-
vision scheme is that each mask defines an affine combination, see 15.3. This
means that the weights of any mask must sum to one. To avoid fractions, it
is common, therefore, to represent a mask by some multiple of it. The proper
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208 15. Stationary subdivision for regular nets

mask is then obtained by dividing by the sum of all its weights. We will use
this convention in the sequel.

Remark 3: The four masks of the refinement operator M; defined in 15.1,

R AR A

They are presented graphically on the left side of Figure 15.2. The right side
of Figure 15.2 shows the four masks

sl s]

of the operator My = AM; for biquadratic splines.

Figure 15.2: The four masks of the Lane-Riesenfeld algorithms M (left) and M,
(right).

Remark 4: The refinement operator M is described by four masks, whereas
the averaging operator A is described by a single mask only. Figures 15.3
and 15.4 show the masks for A and A2,

Figure 15.3: The mask of the averaging operator A (left) and its application
(right).
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tions ¢(x) and d(x), respectively, where v € Z2.
Then d(x) is the directional derivative of c(x) with respect to v.

For a proof, choose u € Z? be such that u and v are linearly independent.
Clearly, the control nets

[¢if] = [Chutjv]

converge to ¢(zu+yv) and the difference polygons 2"V [c]?] to d(zu+yv).
So, without loss of generality, we can and do assume v = e;. Obviously the
piecewise constant splines

dpn(z,y) = 2"Vye[I NP (2" 2)NJ (2™y)
,J

and the splines
cm(z,y) ::/ (z,y)dy = Zcm]\f0 (2™x) (2m )

converge uniformly to d(x) and c(x), respectively. Hence, c(x,y) =
J d(z,y)dy, which concludes the proof. <

15.4 Increasing averages

In 15.3, divided differences of control nets are discussed. In contrast, we now
study averaged nets.

If the polygons C,, = [ci]ieZ2 converge uniformly to a Riemann
integrable function c(x) with compact support, then the increasing
averages

a = cm
a5 = 4m Ci—k,j—1

k,1=0

converge uniformly to the uniformly continuous function
a(x) = / c(x — t)dt .
[0,1)2

For a proof, let © be the interval (i — [0, 1]?)/2™, which depends on i and m.
Since c¢(x) is Riemann integrable, the Riemann sums

—4’"2 i—k,j—1)/2™)

k,1=0
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converge to a(i) uniformly for all i, as m goes to infinity.

Since the c]” converge uniformly to c(x), the averages aj” converge uniformly
to the Riemann sums r{", which concludes the proof. ¢

Similarly, one can prove the next result.

If the polygons C,, = [ci]iezz converge uniformly over any com-
pact set to a continuous function c(x), then the increasing line

averages
1 2m—1
m 2 : m 2
bi = 27m Ci_ky s VE Z s
k=0

converge uniformly over any compact set to the uniformly contin-
uwous function

b(x) :/Olc(x—tv)dt .

Remark 5: The averages aj” are line averages of line averages, since
om_q

m 1 m
aj :ﬁ;bi—kelv e =[10],

where
2m_1

m 1
bi :%Zcﬁlez y 62:[01] .
=0

15.5 Computing the difference schemes

A stationary subdivision scheme can also be described by means of generating
functions. As in 8.8, we multiply the refinement equation by the monomial
x! = 2'y/ and sum over all i. This results in

m+l i My, 2012
E ¢'x = g g Cj Yi—2;Xx
i i j
m.,.2j k
= ) o'x¥)y qx
j k

which we abbreviate by

¢ (x) = ¢ ()(x) -
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The factor

Y(x) =Y nex”
k

represents the subdivision scheme, and it is called its symbol or characteris-
tic polynomial. For a tensor product scheme, the characteristic polynomial
is the product of two univariate polynomials «(x) and S(y) representing two
curve schemes.

Any stationary curve scheme has an underlying difference scheme, but for
surface schemes this is not true in general. To study when a subdivision
scheme has a difference scheme, we identify control nets and subdivision
schemes with their generating polynomials.

Thus, given a control net

c(x) = Z cix' |
its refinement under a stationary scheme 7(x) is given by
b(x) = c(x*)y(x) |
and the differences Y, ¢; = ¢; — ¢i_v, v € Z?, form the polygon

Vie(x) = c(x)(1 —xY) .

Hence, the differences of the refined polygon b(x) = c(x?)y(x) are given by

1—xVv

Wb(x) = el )y (x) Ty -

Thus, there exists a stationary scheme, the V, -difference scheme, mapping
Vec onto V, b if and only if

d(x) = ~v(x)/(1 +xY)

is a polynomial. In case §(x) is a polynomial, it is the characteristic poly-
nomial of the difference scheme.

Remark 6: Given a control net C' = [ci], let VC be the control net whose
“vertices” are the matrices

Vci = [Velci Vchi] .

If the control net B is obtained by application of a stationary subdivision
scheme from C, then VB is obtained from VC' using a stationary scheme
whose weights are 2 x 2 matrices, see [Kobbelt ‘00, Cavaretta et al. ’91, Thm.
2.3].
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Remark 7: The Lane-Riesenfeld scheme M,,, see 15.1, has the characteristic
polynomial
Y, y) =471+ 2)" L+ y)"

This follows directly from Remark 5 in 8.8.

15.6 Computing the averaging schemes

Using characteristic polynomials, it can be seen that for any stationary sub-
division scheme there exists a stationary scheme for the averages considered
in 15.4.

Let
cm (X) _ ’Y(X)Clm_l (XQ)

represent a sequence of control nets [c}

"] obtained under a stationary subdi-
vision scheme ~. Using the variables

this sequence can be written as

c™(x) = Y(x0) ... Y(Xm_1)c" (X)) -

Further, for any v € Z2, let the polynomial b™(x) = 3" b{"x! represent the

line averages
271

1
b = o D el
k=0

With y* := x*V, this can be written as

b"(x) = 27"(A+y+yi+yi 4 +yT THem(x)
= 271 +y)A+y) (1 +yY) A+ e (x)
= fB(xo) ... ﬁ(xm,l)co(x) ,
where

Bx) =(x)(1+x7)/2

is the characteristic polynomial of the averaging scheme obtained from the
scheme ~.

This means that the scheme g is described by the following algorithm.
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Given control points by, i € Z2, and a vector v € Z>
repeat

1 For all i, subdivide by the scheme v, i.e.,
di = Zj b_j’yi_gj .

2 For all i, compute the line averages
b; := %(dl + difv) .

Similarly, it follows that the averages

2m—1

1
m m
& = gm E Cik,j—1
k,1=0

are obtained from the points a) = ¢? under the stationary scheme represented
by
a(x) =y(x)(1+z)(1+y)/4.

This scheme is described by the following algorithm.

Given control points a;, i € Z*

repeat

1 For all i, subdivide by the scheme v, i.e.,
di = Zj ajvi-2j -

2 For all i, compute the line averages
f; := %(di + difel) .

3 For all i, compute the line averages
aj 1= %(fl + fi—eQ) .

15.7 Subdivision for triangular nets

Every regular quadrilateral net can be transformed into a regular triangular
net and vice versa by adding or deleting “diagonal” edges, as illustrated in
Figure 15.5. Thus, we can represent any regular triangular net by a biinfinite
matrix

C=1 - cy

whose entries are the vertices of the net.

In particular, the three vectors

a=lo] e=[V] e=[0]
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15.7. Subdivision for triangular nets 217

represents a three direction averaging algorithm, and C,, = B7(C) repre-
sents the sequence of triangular nets obtained from C' under the averaging
algorithm By,.

Remark 8: The doubling operator D is the Lane-Riesenfeld operator Mg
given in Remark 7. Its characteristic polynomial is

0z,y) =(14+2)1+y) .

Remark 9: In particular, By represents the refinement operator R
that subdivides all triangles of a regular net uniformly into four congruent
triangles, as illustrated in Figure 15.7. The figure also depicts the four masks
representing Bpo1. The weights of these four masks form the coefficients of
the characteristic polynomial of Byg1, see 15.2. This polynomial is

Vzy) = (+z)1+y)(1+x%)/2

=)
=

11
[z7" 1] |1 2
01

N |

Figure 15.7: The refinement operator R applied to a regular triangular net and
its four masks.

Remark 10: Any net obtained by successive application of the refinement
operator R to a regular triangular net C' represents the same continuous
piecewise linear surface. Hence, a sequence of nets obtained under R con-
verges.

Remark 11: The symmetric averaging operator Aj11 = A1 A2.A3 is given by
a single mask. The mask has been introduced in [Boehm ’83] and is depicted
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in Figure 15.8. The polynomial representing A;1; is

1 0 1 1 1
’y(az,y):§[1:17x2] 1 21 y
1 10 y?
1 1
1
1

Figure 15.8: Boehm’s mask of the symmetric averaging operator A11.

15.8 Box splines over triangular grids

Let (), be a sequence of triangular nets obtained under repeated applications
of the averaging operator By. If B, is the doubling operator, given by n =
(0,0,0), or refinement operator, given by n = (0,0, 1), then C,, converges to
a piecewise constant or continuous piecewise linear spline, respectively.

In general, if
k := min{ni+ng, n1+nsz—1, no+nz—1} >0 ,

then, over every compact domain, C,, converges uniformly to a
C* spline, which is polynomial of total degree |n| = ny + ny + ns
over each triangle of the grid spanned by e;,es and es.

These splines are three-direction box splines, see Chapter 17.

For a proof, we apply repeatedly the results in 15.4 and 15.6 and take into
account the following fact. If f(x) is continuous, then the integral

1,1 pl
/ / / f(x —ue; — ves — wes)dudvdw
o Jo Jo

has continuous mixed partial derivatives with respect to any two distinct
directions e; and e;. Since e; = e;+e;, for all permutations (4, j, k) of (1,2, 3),
all second partial derivatives exist. Consequently, iterated integration with
respect to two different directions raises the smoothness order by one, but
iterated integration with respect to three directions raises it by two. <&
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as the one illustrated in Figure 16.1. In this figure, the light edges form the
net C, the light and broken edges form the net RC and the bold edges form
the net ARC.

Figure 16.1: Refining and averaging a net.

We call the operator M,, = A" "R, which refines a net and averages it (n—1)
times successively, the midpoint operator and say that any sequence of nets
M C is obtained from C under the midpoint scheme M,,.

In particular, if C' is a regular quadrilateral net, then M,, represents the Lane-
Riesenfeld algorithm for tensor product splines of bidegree n. Furthermore,
for arbitrary nets, My and Mj represent specific instances of the Doo-
Sabin [Doo et al. ’78] and Catmull-Clark algorithm [Catmull et al. ’78],
respectively. A sequence of nets obtained by application of M3 is shown in
Figure 16.2.

For odd and even n, the midpoint schemes M,, have dual properties. If
n is odd, all nets M!C,i > 1, are quadrilateral and if n is even, all nets
M C.i > 1, have interior vertices of valence four only. Non-quadrilateral
meshes and interior vertices of valence different from four are called extra-
ordinary meshes and extraordinary vertices, respectively. In short, we
refer to both types using the term extraordinary elements.

Furthermore, every extraordinary element of a net M?C is obtained by an
affine combination of a fixed number of vertices around a corresponding ex-
traordinary element of the preceding net M’ 1C. Since any extraordinary
element in a net M!~1'C corresponds to at most one extraordinary element
in M? C, the number of extraordinary elements in any net M¢ C' is bounded
by the number of extraordinary elements in C. If C is a closed net, i.e., if C
has no boundary, then the number of extraordinary elements is the same for
all nets M?,C,i > 0.

Remark 1: The distance between two extraordinary elements in some net
M:? C is the number of edges of a shortest path connecting the two elements.
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17.1 Definition of box splines — 17.2 Boz splines as shadows — 17.3 Properties
of box splines — 17.4 Derivatives of box splines — 17.5 Boz spline surfaces —
17.6 Subdivision for box spline surfaces — 17.7 Convergence under subdivision
— 17.8 Half-box splines — 17.9 Half-box spline surfaces — 17.10 Problems

Box splines are density functions of the shadows of higher dimensional polyhe-
dra, namely boxes. For example, B-splines with equidistant knots are special
univariate box splines, and the surfaces obtained by the averaging algorithm
described in Section 15.7 are box spline surfaces over a regular triangular
grid. This chapter (an abbreviated version of [Prautzsch et al. '02]) provides
a brief introduction to general box splines. It also covers half-box splines.
Symmetric half-box splines of degree 3n are more suitable for the construc-
tion of arbitrary G2"~! free-form surfaces with triangular patches than box
splines.

17.1 Definition of box splines

An s-variate box spline B(x|v; ... vj) is determined by k directions v; in
R?. For simplicity, we assume that k > s and that vy, ..., vy are linearly in-
dependent. Under these assumptions, the box splines By (x) = B(x|vy ... V),
k=s,s+1,..., are defined by successive convolutions, similarly to the defi-
nition given in 8.1,

Bs(x)

1/|det[vy ... vg]| if xe€[vy...vg][0,1)°
0 otherwise

1
Bi_1(x —tvp)dt, k>s .
0

By (x)


prau
Hervorheben

prau
Hervorheben

prau
Hervorheben


242 17. Box splines

which corresponds, up to a constant factor, to the inductive definition of box
splines. Consequently, volg_s0k(x) is a multiple of the box spline By (x), and,
since

/ volg—sfk(x) dx = voliBr  and / Brp(x)dx =1,
R’ R’

equation (1) follows. <

Figure 17.3: Measurements of the box (.

Remark 1: From the geometric definition (1), it follows that a box spline
solves the functional equation

/]RS Bx|vy ... vg)f(x)dx = /[0,1)k F([vi ... vi]t)dt

for all continuous test functions f(x).

17.3 Properties of box splines

From the geometric construction (1) of box splines, it follows that B(x) =
B(x|vy ... vg)

e does not depend on the ordering of the directions v,

e is positive over the conver set [vy...vi][0,1)F,

e has the support suppB(x) = [vy ... v;][0,1]%,

e is symmetric with respect to the center of its support.

Further, let B(x) be the shadow of a box § asin 17.2. The (s—1)-dimensional
faces of 3 projected into R® form a tessellation of the support. It is illustrated
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is linearly dependent if |det][vy ... v,]| # 1. Since the ordering of the v; does
not matter, this sequence is also linearly dependent if there is any independent
subsequence v;, ... v, with

s

41 .

|d€t[Vi1 ve Vis]

The converse is also true [?, ’85]. One can prove it, for example, by induction,
see [Jia '83, '85]. We leave it as an exercise. In summary, we have the
following theorem.

B(x—i|vy...vy),1 € Z%, is linearly independent over each open
subset of R® if and only if [v1 ...vk] is unimodular,

which means that the determinant of any submatrix [v;, ...v;_]is 1,0 or —1.

If the directions vi,...,vi_1 span R®, then we can compute the direc-
tional derivative D, s of s with respect to vi. Using derivative formula
(3) from 17.3, we obtain

(5) Dy, s(x) = Z Vo CciB(x—ilvy ... vi_1) ,
icZ’

where V,¢; = ¢; — ¢;_y. Further, if for all j = 1,...,k the kK — 1 directions
Vi,...,V}, ..., Vi span R®, then B(x) is continuous, as shown in 17.3, and
the span of its shifts contains the linear polynomials. In particular, if

L1
m; =i+ §(v1 + o+ vg)
is the center of suppB(x — i), then

(6) ZmiB(xfi):x .
e’

Namely, because of symmetry, this equation holds for x = m,, and for all
j=1,...,s, we obtain

Dy, Z miB(x—i)=v; .

Since the box spline representation is affinely invariant, we obtain for any
linear polynomial [(x) that

I(x) = > 1(m)B(x — i) .

This property is referred to as the linear precision of the box spline repre-
sentation, see also Problems 1 and 2.
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252 17. Box splines

Figure 17.6: The two piecewise cubic C'half-box splines.

The half-box splines are normalized such that
/]R2 H(x)dx=1/2 .

Any k independent directions uy,...,u; € R” define a half-box
9 = {Zuiai\() <a; <as and ag,...,ar €1[0,1]} .

The density of a shadow of this half-box represents a half-box spline: If 7
denotes the orthogonal projection from R” onto R? mapping uj,...,ux to
e1,es,Vs,..., Vg, then

1
H(x|vs ... V)

= —— volp_o(r 'xNY) .
. 2V01}€19V0k o(m T xNY)

From this geometric construction it follows that H(x)

e does not depend on the ordering of v3 ... v,
e is positive over the conver set A+ [vz...v](0,1)F=2 |
e has the support closure(A) + [vz...v][0,1]F72 |

e has the directional derivative

Dy H(x)=H(x|vg ...V}

covg) — H(x—v,|vg ... vi o vg)
with respect to v,., r >3 ,

e is r times continuously differentiable, provided that all subsets of
{vs, ..., vk} obtained by deleting r + 1 vectors v; span R?,

e is polynomial of total degree < k — 2 owver each triangle i + A and
i+V,ieZ%
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derivative formula given in 17.8 for a single half-box spline. It is given by

Dy, s(x) =
Sieze (Vv e Ha(x —ilvs ... vy vi) + Vy eV Hy(x —ilvs ... vi...vy))

where Vyc; = ¢; — ci_v .

If Ha(x) is continuous or, equivalently, if there exist two independent di-
rections among vs, ..., Vg, then all directional derivatives of the sum of all
shifts, Y Ha(x — i), are zero. Therefore, this sum is a constant function.
Because of symmetry, and since the shifts of both half-box splines Ha and
Hy form a partition of unity, we obtain

(8) > Ha(x—i)= ) Hy(x—i)=1/2.
icZ’ icZ’
In particular, this implies that the shifts of Ha and Hy are linearly de-
pendent.
Further, if the box spline

B(x) = B(x|ereavs ... vi) = Ha(x) + Hy (%)

is continuous, then we recall from (6) in 17.5 that

> my (Ha(x — i) + Hy(x —1)) =x ,

ieZ®
where m; is the center of suppB(x —1i). If Ha is continuous, we can use (8)
and obtain for any v € R?

> ((my+v)Ha(x — i) + (my — v)Hy (x — i) =x .

ieZ?
For example, if v = (e — e1)/6, then the points m® = m; + v and mY =
m; — v form a regular hexagonal grid, as illustrated in Figure 17.8.

Since the half-box spline representation is affinely invariant, we obtain for
any linear polynomial [(x) the half-box spline representation

I(x) = Y (I(mf)Ha(x — i) + {(m) ) Hy (x — 1))
icZ?

This property is referred to as the linear precision of the half-box spline
representation.
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Figure 17.8: The hexagonal grid of the “centers” m# and my .

Remark 11: Any half-box spline surface

s(x) = Z (cf Ha(x —1i) + ¢ Hy(x — 1))
ieZ?

has also a “finer” representation

s(x) = Z (diAHA(mx — i) +dY Hy(mx — 1))
ieZ?

for any m € N. In particular, for m = 2¥, k € N, the new control points diA
and div, which depend on m, can be computed by k repeated applications of
the subdivision algorithm 15.9. Similar to the subdivision algorithm for box
splines as described in Section 17.6, this algorithm has an obvious general-
ization that generates the points diA and div for any arbitrary m € IN. We
leave it as an exercise to work out this generalization.

17.10 Problems

1 Let the directions vy,..., vy € Z° span R®, and assume that the associ-
ated box spline B(x) = B(x|vy ... V) is r times continuously differen-
tiable. Use the derivative formula (5) given in 17.5 to show, by induction
over k, that for any polynomial ¢(x) of total degree d < r + 1 the spline

s(x) = > c(i)B(x 1)
ieZ’

is also a polynomial of degree d.
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18.5. A recurrence relation 265

18.5 A recurrence relation

If the new knot agy; coincides with x, then the knot insertion formula (1)
from 18.4 represents a simplex spline at x as an affine combination of simplex
splines with x as a knot, i.e.,

k
M(x|ag ... ax) = Z{iM(x\an LooalLoag)
i=0
where x =) &a; and 1 =) ¢;.

This leads to a recursive formula since the simplex splines on the right are sim-
plex splines of lower degree. For example, let o¢ be the simplex p p; ... p;
in R with shadow

My, (x) = M(x|x a;...a;) ,

where 7p, 7Py, . . ., P, are the knots x,ay,...,a;. We assume that the “base
simplex” p with the vertices py, ..., p; lies in a hyperplane orthogonal to the
fibers of the projection .

Hence, if h denotes the Euclidean distance between p and p, we obtain
1
volpog = Eh -volg_1p

and

1
volp_s(oo N 1x) = mh volp_s_1(pN 7 1x)

as illustrated in Figure 18.6 for k = 3 and s = 1.

Figure 18.6: Computing the volumes of oo and o¢ N 1x.

Dividing the second by the first equation, we obtain

k
Mx|xaj ...a;) = mM()dal cooag) .
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Hence, we can transform the knot insertion formula (1) into Micchelli’s
recurrence relation

k
k .
(2) Mx|ag ... a,) = k_S;:O&M(X\aO cooalooag)

which represents a simplex spline with &+ 1 knots as a linear combination of
simplex splines with & knots, see [Micchelli ’80]. Since the weights &; depend
linearly on x, repeated application of this recurrence relation shows that

an s-variate simplex spline with k+1 knots is piecewise polynomial
of total degree < k — s.

Remark 4: Comparing the recurrence relations for simplex splines and
Bernstein polynomials, see 10.1, we see that an s-variate simplex spline with
only s + 1 distinct knots is a Bernstein polynomial, i.e.,

k
M(x|ag oFlag ... as st a;) = %Bﬁk_s(u) ,
volg

wheret = (ig ... i5),k =g+ -+ +is+s, A denotes the simplex a; ... a; and
u the barycentric coordinate column of x with respect to A, see Figure 18.7.

2 2
Bg, Bi1
B
~/

Figure 18.7: Quadratic Bernstein polynomials.

Remark 5: Repeated application of the recursion formula(2) also shows
that each polynomial segment of a multivariate B-spline can be written as a
product of k£ weights £, which represent x as certain affine combinations of
all or some knots a;. Since these weights depend continuously on the knots
a; (or on the vertices p, of some associated simplex), it follows that each
polynomial segment depends continuously on the knots a;.
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Figure 18.8: Triangulation of a prism.
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00 01 11

Figure 19.1: De Casteljau’s algorithm for a quadratic.

00 01 11
Figure 19.2: Seidel’s generalization of de Casteljau’s algorithm for a quadratic.

c[12], ¢[22] and ¢[20], we compute the three points c[ix] and then compute
from these three points the point c(x) = ¢[x x].

To present the generalization of de Casteljau’s algorithm, let a?, ... ,a?_l

denote a sequence, also called chain or cloud of knots, for i = 0,...,s.
If these knots are in general position, then any s-variate polynomial surface
c(x) with polar form c[x; ...x,] is completely defined by its B-points

cg=cla)...al>t. . al. . alTl]
where § = [ig...4i5] € A, and
A, ={8f e Z5 o <8 ig+---+is =n} .
Namely, c(x) can be computed by means of the recursion formula
Cj = &0Cjqeo T+ &Cjpe, JEA:=Ap 1 U---UAp ,

where the & are the barycentric coordinates of x with respect to the simplex

S; = [a%o ...ale]
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and e, denotes the kth unit vector in R*™' as before. This means that

0 Jjo—1 0

_ -1
c;=clag...a) ...a,

caliTix o x]
and that the knots are in general position if all simplices S; are non-
degenerate.

Remark 1: If c(x) is quadratic, then its Bézier points b; over the simplex
S, satisfy
be,te; = Cejte;, forall izj

and be, y¢, lies in the plane spanned by the points cg,1¢,, j = 0,...,s. An
example is shown in Figure 19.5.

19.2 B-polynomials and B-patches

We can apply the generalized de Casteljau algorithm from Section 19.1 to
any arbitrary net of control points ¢, |i| € A,. If we start with the control

points
1 i 1=k )
@ = { 0 otherwise , €A,

then the resulting scalar valued polynomials Cj} (x) form a basis for the space
of all nth degree polynomials. Namely, since the generalized de Casteljau
algorithm in 19.1 is linear in the control points, any polynomial c(x) of
degree < n can be written as

c) = Y ety (x) |

tcA,

where c¢; is defined as in 19.1. Further, the C{* are linearly independent since
their number (”JSFS) equals the dimension of the space of all polynomials of
total degree < n.

The polynomials Cj* are called the B-polynomials and the representation
of a polynomial as a linear combination of B-polynomials is referred to as
a B-patch representation. From their construction above, we obtain the
following properties, which are similar to the properties of Bernstein polyno-
mials, given in Section 10.1. The s-variate B-polynomials of degree n

e form a basis for all s-variate polynomials of total degree < n,
e form a partition of unity, i.e.,

Y Crx)=1,

teA,
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e are positive for all x in the interior of the intersection T' of all sim-
plices S;, 1§l <n—1,

e and satisfy the recursion
Z &Gy (%)

where &, is the kth barycentric coordinate of x with respect to Sj_e, and
Cy = 0if § has a negative coordinate.

The intersection I' of the simplices Sj, j € A, is illustrated in Figure 19.3 for
n =2 and s = 2. It can be empty, depending on the knot positions.

Figure 19.3: The region I' over which all B-polynomials are positive for n = s = 2.

Since the B-polynomials form a partition of unity, any polynomial surface
c(x) is an affine combination of its B-points ¢;. Consequently, a B-patch
representation is affinely invariant. Furthermore, the patch c(x),x € T, lies
in the convex hull of the B-points ¢; since the B-polynomials sum to one and
are non-negative over I'.

Remark 2: If all knots of each knot chain are equal, i.e., S, = S; for all
§, then the B-polynomials C* are the Bernstein polynomials B* over the
simplex S, since both sets of polynomials satisfy the same recursion.

19.3 Linear precision

The linear polynomial x, which is the identity map on R®, has a B-patch
representation of degree n with respect to the knots a] introduced in 19.1.
Since x has the polar form

1
x[x1 ...xn]:ﬁ(xl—&— X))
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Figure 19.5: A quadratic polynomial with its B-patch and Bézier ordinates.

denote the directional derivative of ¢ with respect to Ax at x. Furthermore,
let ¢[x; ... X,] be the symmetric polynomial of ¢(x). Then, the symmetric
polynomial of ¢(x) is given by

¢[x2 ... Xp] = nc[AX X3 ... Xy]
as explained in 11.6. Hence, the B-points of ¢(x) are given by

_ 0 io—1 0 is—1 o
né; =nc[Axag...a ...a;...as |, felA,q.

Expressing Ax with respect to Sj, i.e., writing Ax as

S S
Ax = E vpay®, 0= g Vi
k=0 k=0

and using the fact that polar forms are multiaffine, we obtain for the control
points ¢; of the derivative

s
Cy = E VEChiey -
k=0

This result is illustrated in Figure 19.6 for s = n = 2.

Remark 4: Let x; be the B-points of the identity polynomial p(x) = x with
respect to the knots al and view the B-net of c(x) as the collection of the
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Figure 19.6: The differences ¢;.

linear patches

s
Cﬁ(x) = ZVkCﬁ+ek 5 ﬁ S An—l 5

k=0
over the simplices Xjie, - .. Xjte,, Where 7o,...,7s are the barycentric coor-
dinates of x with respect to Xjie, ... Xjte,-

Since 4% = nvy, the directional derivative of c;(x) with respect to Ax is n¢;.
Hence,

the derivative of the B-net consists of the B-points of the deriva-
tive €(x).

This is illustrated in Figure 19.7 for a functional bivariate quadratic surface.

19.5 Multivariate B-splines

The B-polynomials Cj, & € A,,, are defined with respect to the knots

0 n—1 0 n—1
ag, ...,a5 ,...,a ...,y .
Here, we add s + 1 knots ag,...,al and show that

the normalized simplex splines

vol Sﬁ
(")

S

N; := Mx|4) , teA,,

with the knot sequences Ay = aj ... a’...a%...a% coincide with
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Figure 19.7: The directional derivative of a B-net for n = s = 2.

the B-polynomials Cy(x) for all

x € Q) := interior ( ﬂ S;) .
JEAQU---UA,,

This result is due to [Dahmen et al. '92].

The splines N; are multivariate B-splines with properties similar to those of
univariate B-splines. In fact, for s = 1 the B-splines N;(z) are the univariate
B-splines defined in 5.3.

Proof: From the definition of constant simplex splines in 18.1 and from the
recurrence formula (2) in 18.5 for simplex splines, we obtain for x € R® the
recurrence relation

0 . 1 if x S SO
No (x) = { 0 otherwise

. vol Sy j+s 0’§V01 Sj? .
: M (x| As_ =
Z (]4.3) s UjVOl Sjj (X| D Ek) Y .7 ‘J]' I

S

Nj(x) =

k=0

where SJ%“ is obtained from .S by replacing ai’“ by x. The orientations —1 or
+1 of the sequences S5 and Sﬁ“ are denoted by o3 and Uj’j“, respectively.
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Since both simplices S5 and Sj_, contain €2, their orientations are equal and
the equation above is equivalent to

s ok
N - S E— ™ VA

(1) = ijljtekNﬁ*ek(X) )
k=0

where fjff_ek is the kth barycentric coordinate of x with respect to Sj—e,. To
have all terms well-defined, we define, for ji, = 0,

}f_ek = U?VOISJ%C/Jﬁ , 05—, VOl Sj_¢, =1 and
1
(2) Nije.(x) = o Mx|44-—.,) -

(")

If jx = 0, then N;_, is a simplex spline over the knot sequence A;j_, , which
does not contain any knot from the kth knot cloud af ... al. Its support
and Q are disjoint, which we prove next.

The support of Nj_e, is the convex hull of all knots in A;_.,. Hence, every

point in this support is a convex combination of some points ag, ..., aj, ..., as,
where a; lies in the convex hull of the first j; + 1 knots a?, ... ,agi of the ith
knot chain.

We need to show that any such simplex ag ... aj ... a; does not intersect 2.
Since 2 is contained in all simplices Sy, where o0 < k < §, it is also contained
in any simplex aga ... a’. Applying this argument repeatedly, we find that
the open set ) is contained in the interior of the simplex ag ... a,, which

implies that 2 and the support of N;_, are disjoint.

So, for all x in €2, the recurrence formula of the B-splines N; coincides with the
recurrence formula of the B-polynomials C;. Hence, it follows that N;(x) =
Ci(x) forallxe Q. <

19.6 Linear combinations of B-splines

We have discussed multivariate B-splines over one complex of s + 1 knot
chains. However, the true value of these B-splines is that they define useful
spline spaces over the entire R® partitioned into complexes of such knot
chains.

Let al, k € Z, be the vertices of a triangulation of R®, and let K C VAR
represent the simplices

a) ...ay , k=lko...k]€EK,
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and, consequently,
0 _ _¢0
Sy =~ -
Since the control net is connected and Ny = Ng;, see (2), we obtain, there-
fore,
0 0
€k jreo Vi + iy e Vig = 0

which concludes the proof. <

19.8 Derivatives of a spline

The recurrence relation (2) in 18.5 and the derivative formula (3) in 18.6
for simplex splines are similar. One obtains the derivative formula up to a
constant factor just by differentiating the weights in the recurrence formula
although one might expect further terms due to the product rule.

Because of this, we can transform the recurrence (1) in 19.5 for multivariate
splines to a derivative formula. Differentiating the barycentric coordinates &
in the proof of the recurrence formula in 19.7, we obtain that the directional
derivative with respect to a direction Ax of a spline

s(x) = Z ZCHNM(X)

keK i

of degree n = |f| with connected control net is given by

d .
%s(x + tAX)|i=0 = n Z Z Crg Vi (x)

keK jEA
where

S
& = ) UCijre
=0

and vy, . .., Vs are the barycentric coordinates of the direction Ax with respect
to the simplex Sij, see also 19.4.

Remark 5: As already observed in 19.4, the directions ¢&x; are part of the
directional derivatives with respect to Ax of the control nets cy;(x) of s(x)
over the simplices Xy j1e, - - Xk, j+e.-

19.9 The main theorem

We use the notation from 19.6 and assume that the first r knots ag, . 7a271
of every knot cluster coincide. Still, the simplices Sy, form a triangulation
of R®*. We show that any C™~" piecewise polynomial function over this
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triangulation is a linear combination of the B-splines Ny; and relate its control
points to the polar forms of its polynomial segments.

Let s(x) be any (n—r) times differentiable spline which, over each simplex Si,,
is identical with some polynomial sy (x) of degree < n. Then, the multivariate
version of the main theorem 5.5 is as follows [Seidel '92].

The spline s(x) can be written as

(4) 500 = 30 3 suldus o] Nua(x)
kelKs Al | |

where sy[X1 ... x,] is the polar form of sy.

We prove this by induction over n —r. If n —r = —1, then the B-splines Ny
are the Bernstein polynomials over Si,, see 19.5 and Remark 2 in 19.2. In this
case, identity (4) follows from the main theorem 11.2. Now let n —r > 0 and
let Ds(x) be the directional derivative of s(x) with respect to some non-zero
vector Ax and assume that

Ds(x) = Z Z Dsy [ Ay, j—e] Nig(x) -

keK jeA,—1

According to Section 11.6, the polar form of Dsy can be expressed by the
polar form of sy, i.e., |

DS[k [Alk,jj—e] = NSk [AX Akﬁ—e] l
S
= n Z VISKk [Alk,jj—e-‘rel} 5
1=0
where vy, ..., v, are the barycentric coordinates of Ax with respect to Si;.

Because of Remark 7 in 11.7, the control points s[Ay ;—e] form a connected
net. Hence, it follows from 19.8 that

DZZSM[A[;(’E,@}NM =Ds . ‘
k i

Therefore, (4) is true up to some constant term. Since (4) holds over every
O, see 19.4 and 19.5, this constant is zero, which concludes the proof. <

In particular, it follows that the B-splines form a partition of unity, i.e., )

ZZNM:L

ke K i€,
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bounding box, 12, 33
box spline, 218, 239
as shadow, 240
surface, 245
B-patch
net, 280
representation, 273
B-points, 272
B-polynomial, 273
B-spline, 60, 61, 278
as divided difference, 73
discrete, 79
recursion, 64, 68
recursion formula, 111

————BsptineB-spline

basis, 68
butterfly algorithm, 222, 235

C

C* joint

general, 189
do Carmo, 98
Carnicer, 178
de Casteljau, 26, 156

algorithm, 13, 132

for tensor product surfaces,
131
generalized, 159, 272

Catmull, 225
Catmull-Clark algorithm, 226
Cavaretta, 214
center of support, 246
centripetal parametrization, 52
Chaikin, 112
chain of knots, 272
chain rule

Gemkjoints, 192

connection matrix, 92
characteristic

function, 260

map, 232

matrix, 220

polynomial of

Index

a subdivision scheme, 117,
213
the difference scheme, 213
chord length parametrization, 51
circle of curvature, 106
clamped cubic spline, 87
Clark, 225
closed surface, 174
cloud of knots, 272
Clough-Tocher interpolant, 172
Cohen, 79, 80, 82, 249
collocation matrix, 84
composite Bézier polygon, 37
connected net, 280
connection
functions, 179
matrix, 92, 99
arbitrary, 104
totally positive, 104
contact of order r, 91
continuous tangent plane, 139, 176
control
net, 280
point, 64, 65, 104, 105, 126,
245, 253
polygon, 100
convergence
theorem, 209
for C"-subdivision, 117
under degree elevation, 39, 83,
165
under knot insertion, 80
under subdivision, 29, 160, 249
conversion
between Bézier and B-spline
representation, 72
to Bézier
representation, 20, 153
tensor product representa-
tion, 131, 166
to B-spline form, 69
to monomial form, 22, 131, 132,
153
to triangular Bézier represen-
tation, 167
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